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Abstract

Nonlinear and Nonperturbative Dynamics in Quantum Wells
by
Bryan Galdrikian

Quantum well studies at the Free Electron Laser facility at the University of Cal-
ifornia, Santa Barbara, motivate a program for the theoretical study of the interac-
tion of intense radiation with electrons in semiconductor heterostructures. Confined
in one dimension, and free in the other two, electrons in quantum wells have their
energies quantized in parabolic subbands. When laser light is coupled into the well,
with polarization in the confinement direction, the matter-radiation system can be
approximated as a one dimensional man-made “atom.” The optical properties of
this system are studied here, both in the perturbative and nonperturbative (weak
and strong laser field) regimes.

Whereas the classical analog of a driven quantum well has a phase-space which
is typically a mixture of resonances and chaotic trajectories (Hamiltonian chaos),
the quantum system may be characterized by a time-dependent basis set known
as Floquet states. These states’ coarse-grained Wigner distributions are ghostly
likenesses of the classical phase space structures. The nonintegrability of the classi-
cally chaotic system manifests itself quantum mechanically with the appearance of
avoided crossings in the spectrum of eigenvalues associated with the Floquet states.
Avoided crossings correspond to multi-photon resonances and harmonic generation.

The presence of electron-electron interactions provides interesting behavior as
well, introducing nonlinearities into the dynamics (in the mean-field approxima-
tion). In the weak field regime, perturbation theory predicts an optical response
function whose poles do not reside at the intersubband energy spacings, due to
dressing of the field by the electron-electron interactions. Dressed optical response
formulae are derived in this work up to second order. In the strong field regime,
perturbation theory breaks down. However, one may directly integrate the quantum
equations of motion to find a strong field steady-state response, if there is dissipa-
tion present. When dissipation can be neglected, the dynamics become sensitive
to initial conditions, and the nonlinearity due to electron-electron interactions may
even lead to chaos.
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Chapter 1

Introduction

What is essential is invisible to the eye.

- Antoine de Saint-Ezupéry

This work is an attempt to understand the interaction of intense radiation with
matter, in particular the response of quantum systems when subjected to a powerful
source of electro-magnetic radiation. Most of the work has been done in direct con-
junction with experiments performed at the UC Santa Barbara Free Electron Laser
(FEL) on doped quantum well structures. Quantum wells are layered semiconductor
devices, which tend to confine conduction-band electrons in a plane. The confine-
ment quantizes the allowed energies of the electrons into subbands. Transitions
between subbands may be probed optically, and occur typically in the Far-Infrared
(FIR), or about fw ~ 5-50 meV. The UCSB FEL at present is continuously tunable
in the fiw = 0.5-15 meV range. Thus, it can probe inter-subband transitions in
wider quantum wells (on the order of hundreds of Angstroms).

Experiments are being carried out on quantum well structures at the UCSB FEL

by several groups, including those headed by Mark Sherwin, Elizabeth Gwinn, and S.

1




2 CHAPTER 1. INTRODUCTION

James Allen. These experiments include measurements optical absorption, harmonic
generation, and optical rectification. Keith Craig has had success in measuring
intensity-dependent absorption spectra in a quantum well, while James N. Heyman
has measured second and third harmonic generation, as well as optical rectification
(a second-order static displacement of the electrons) in a quantum well. Quantum
well structures have been found to have extremely strong harmonic responses, as

much as 5 or 6 orders of magnitude higher than the bulk semiconductor.

The quantum wells studied are grown, atomic layer by atomic layer, with a
method called Molecular Beam Epitaxy (MBE). This method allows one to specify
the chemical makeup of each atomic layer, thus providing control over the band
structure of the solid in the direction of growth. (From now on, the growth direction
will be labeled z, so the atomic layers just mentioned lie in the £ — y plane.) In
the wells studied, each atomic layer consisted of Al;Ga;_,As, with 2 varying from
0 to 0.3 as a function of z. Figure 1.1 schematically depicts such a quantum well
structure. Alp3GagrAs has a conduction band energy which is about 250 meV
higher than GaAs, providing that much control of the conduction band profile. The
band structure is approximately uniform in the £ — y plane, so that electrons are
free to move in the plane. This gives us an effectively one-dimensional system, since
translational symmetry in the plane allows us to ignore, to a good approximation,
the dynamics in the plane’

In order to populate the quantum well with electrons, Silicon doping regions are
laid down during the growth process, usually hundreds of atomic layers from the

region of the well. Electrons donated by the Silicon “fall” into the low-potential

'The present accuracy of MBE allows control of the growth with an error of about one atomic

layer.



Al Gal_ As
* x GaAs X

Figure 1.1: Schematic of the quantum well.

region of the well. The electron sheet density in the well, along with the profile
of the well itself, are all able to be rather faithfully supplied by the growers, given
the specification of the well designer. Thus, we have what seems a theorist’s dream
come true, that is a simple one-dimensional quantum system, which may be probed
by a highly tunable source of long-wavelength radiation. Such systems are not just

for textbooks any more!

Of course, these systems are actually three-dimensional, and consist of a large
number of interacting electrons. They are also dissipative, due to inelastic scattering
of the electrons with phonons in the solid. The dissipation may be reduced by study-
ing transitions below the Longitudinal-Optical phonon energy, which for GaAs is 36
meV, thus eliminating the possibility of exciting these phonons. (Acoustic phonons
will still be excited, as their energies range down to zero.) The electron-electron
interaction must be accounted for in order to accurately model wider quantum

wells. This interaction may be treated in a variety of ways, and in this work the



4 CHAPTER 1. INTRODUCTION

electron-electron interactions will be treated by the mean-field approach, that is,
using an effective potential which approximates the effect of all other electrons on a
single typical electron [29]. In this approximation, we will see that the effect of the
electron-electron interaction can range from trivial, as in the case of linear response,
where the effect is a shift of the optical absorption frequency, to spectacular in the
case of strongly-driven systems, which can give rise to chaotic dynamics in the well.

This work proceeds in stages, modeling the quantum well more accurately with
each stage. First we will look at classical model of a quantum well structure. We
will see that classically, a single electron in a quantum well will exhibit chaotic
motion when driven strongly. This interesting classical behavior has quantum man-
ifestations, which will be explored in the second section. There we will examine the
quantum manifestations of classical chaos in simple one-dimensional systems, and
after that treat the effects of dissipation and electron-electron interactions. We will
then be able to derive the perturbative response of doped quantum wells, and we
will derive many-body second-order response functions which are used to model the
experiments of Heyman et al.

Throughout this work, we will take advantage of the fact that the wavelength of
the driving radiation is much larger than the system being studied, so that a good
approximation to the effect of the radiation is the Electric Dipole Approximation (for

a derivation, see [31]), which enters the Hamiltonian as a time-dependent potential:
Vi(z,t) = e£zsinwt, (1.1)

where e is the electron charge, and £ and w are the magnitude and frequency of the
electric field. The effective potential seen by a single electron, due to the presence

of other electrons, will be denoted as v(z,t). These two potentials, along with the



conduction band profile in the z direction, W(z), comprise the total potential seen
by a single electron (see figure 1.2, for example). Thus the general Hamiltonian

being studied is

H(py )= 525+ W(a) + Vils,8) + 0(3,1), (12)

where p, is the conjugate momentum to the codrdinate z, and m* is the effective
mass of the electron, in the z direction. Again, we have ignored the dynamics in
the z — y plane, assuming they separate trivially from the z-coérdinate, owing to
translational symmetry in the plane.

A large body of work in the physics literature is devoted to calculating per-
turbative response functions of driven systems such as the one described by the
Hamiltonian 1.2. These response functions are valid when the driving field is rela-

tively weak, i.e. when
efa € hw, (1.3)
where a is a relevant length scale in the system. In general, any observable O can
be used to define the response (O(t)) = (¥(£)|0]¥(t)), where |3(2)) is the solution
to Schrédinger’s equation
i %:9 = H(t)(2). (1.4)
(Here we have suppressed the z- and p,-dependence, making the equation basis
independent.) In order to calculate a unique and well-defined response function, it
is the usual convention to ramp up the driving field (1.1) slowly, by introducing an
exponential envelope,
Vi(z,t) = e£ze™ sinwt, (1.5)
and then taking the limit # — 0 in deriving the response,

0(t) = lim ($(1)OI())
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E(i(z) 100's of A
———>

~250 meV

‘l- Si Si
- Z
Al 3Gag 7As GaAs Aly 3Gag 7As
Ec(z)+u(z)
P Z

Figure 1.2: A simple square well, empty (top) and full (bottom). The well is popu-

lated by electrons from the silicon donors outside of the well.



This has the effect of eliminating all “transients” from the system’s response, thus
producing what we would expect to be the system’s long-time behavior.

As we will see in chapter 3, there are cases where no such well-defined, unique
response function exists, when (1.3) is not true. For strongly driven systems, the
behavior of |¢(t)) (and any observable derived from it) may depend on the past
history of the system (that is, what the driving on the system was before equation 1.1
holds). The past history, for example whether or not the driving field was turned on
slowly, or suddenly switched on, can have a permanent effect on the behavior of the
system even in the long-time limit. One might think that this history dependence
can be eliminated by ramping up the field in a well-defined way, as in equation 1.5,
but this will not work for a strongly driven system in general. In some cases, when

dissipation may be neglected, the limit

lim |3(2))

n—0

does not even exist! We will explore examples of such history-dependence in chap-
ter 6, and the interesting effect of many-body interactions, which can give the system
a sensifive dependence to its history. We will also see that when dissipation is impor-
tant, as it is in an actual quantum well, much of this history-dependence disappears,
giving way to more robust behavior as one might expect in a real system.

We will now embark on a journey through the physics of the systems described
by (1.2), from the classical regime to quantum, and from the very simple to the very

complex.
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Chapter 2

The Classical Picture

The dynamics of a dissipationless, driven classical particle in a potential well can be
divided into two classes: regular and chaotic [15]. The chaotic regime is distinguished
from the regular by sensitive dependence on initial conditions, that is, two nearby
initial conditions will quickly diverge from each other. Consider now such a system,
for example a square [30, 9, 33] or triangular [5] well. (We exclude the few integrable
systems, where solutions to the time-evolution may be written in closed form.) With
no driving, the classical phase space consists of invariant surfaces (time-evolution
maps an invariant surface to itself) of constant energy. As the driving amplitude
is turned up, many of these surfaces remain, but are distorted, and are now named
“Kolmogorov-Arnold-Moser” (KAM) invariant surfaces. Resonances occur, between
the particle’s natural frequency in its potential and the drive frequency. Resonances
are closed trajectories, periodic with some multiple of the drive period. If a resonance
is “stable,”® then nearby trajectories circle about the resonant trajectory. This
creates an “island” of regular motion. If the resonance is “unstable,” then nearly all

nearby trajectories diverge exponentially from the resonance. “Chaotic” homoclinic¢

!Stable here means marginally stable, as this terminology is conventional for Hamiltonian (i.e.

dissipationless) systems.



10 CHAPTER 2. THE CLASSICAL PICTURE

tangles surround the unstable resonances, for any amount of drive. As the drive is
increased, stable trajectories turn unstable, and the size of the chaotic regime grows.
The growth is accompanied by the destruction of KAM surfaces, and thus regular
motion is systematically replaced by chaotic motion with increased driving. The
qualitative analysis is similar for all the non-integrable wells whose dynamics can be
reduced to a twist map?. These wells are generic, in contrast to integrable wells such
as parabolic wells, which are exceptional. We chose to work with the square well
because it is analytically simple and experimentally easy to make. In the case of the
square well, after the last of the main stable resonances goes unstable, the phase
space consists of nearly entirely chaotic trajectories at low momentum, bounded by

KAM surfaces beyond some particular momentum value.

In this chapter we will model the square well, scaling the system to have only one
free parameter for simplicity, which we have chosen to be the scaled drive amplitude.
The sequential destruction of the KAM surfaces between the resonances as drive
amplitude is increased gives rise to non-trivial stochastic behavior as a function of
drive amplitude. In the driven square well, a particle with low momentum lies in a
chaotic regime, and may explore low momenta, bounded by KAM surfaces at some
point. As the drive is increased, fewer resonances are separated by KAM surfaces,
and the energy obtainable by the system sharply increases when the last KAM
surface disappears between two resonances. This signature of chaotic transport will
be seen in a simulation performed in this section. To predict when KAM surfaces

disappear, we will compare the Chirikov resonance overlap criterion [15] with a

?j.c., wells for which, in the absence of driving, the oscillation frequency changes with the
amplitude of oscillation. Piecewise parabolic wells have no twist, and analysis is fundamentally

different in this case [37).
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criterion introduced by J. M. Greene [23]. The latter criterion requires a calculation
of the stability of fixed points near the KAM surface in question. We use this
criterion crudely and only consider the main =n : 1 fixed points, but the results are
considerably better than Chirikov’s method. The exact stability calculations will be

derived in this chapter.

2.1 The Hamiltonian and Poincaré Section

We begin with the Hamiltonian (1.2), neglecting the electron-electron interactions

(v(z,t) = 0), for an electron in a 1-D infinite square potential of half-width a:

2 0, zl<a
H(p:,2,t) = P,‘ + W(z) + e£zsin(wt), W(z) = Izl

2m

0o, |Z] =2a

We shall put the Hamiltonian into unitless form with the following substitutions:
T=wt, g=alz, X=(m'wia)let, (2.1)

It follows that momentum is scaled by the quantity m*wa, and energy by the quan-

tity m*w?a®. Thus, defining
p= (m'wa)'p,,  h(p,q,7) = (m"w’a®) T H(p,, 2,1),
we arrive at the unitless Hamiltonian
h(p,q,7) = 3p* + W(g) + Agsin(r). (2.2)
From (2.2), the equation of motion is integrated to give the trajectory

g(7) = A[sin(7) — sin(70)] + [po — A cos(70))(T — 70) + Q- (2.3)
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(We define go = g(7o) and po = p(70).) To account for the presence of the walls,
a root finder is used to find when the electron hits either wall (i.e., 7 such that
q(7) = £1). This value of 7 is then taken as 7p, the momentum reversed, and the
process is iterated. Viewed this way, it is the boundary conditions which give rise
to the system’s non-integrability. Alternatively, one can describe the potential as
W(q) = ¢*", where n is an integer. For n > 1, the system is nonintegrable, and we

retrieve our system in the limit as n — oo.

As described previously, nonintegrable Hamiltonian systems consist of two types
of trajectories, regular and chaotic. Typically, there are islands of regular motion
within a chaotic region of phase space. These are called resonance islands, because
they consist of regular trajectories circulating around a (stable) closed trajectory.
Closed trajectories with period nT'/m, where T is the period of the drive, and n and

m are integers, are called n : m resonances.

These trajectories can be seen clearly if one views a cross-section of them in
phase space, otherwise known as a Poincaré section. We will define Poincaré section
to mean a sampling of the trajectories once every period of drive. Therefore an
nth order (period nT') resonance intersects the Poincaré section in n places. By the
Poincaré map, we mean an operator P which evolves an initial condition through
one cycle of drive, along its trajectory as defined by the Hamiltonian flow. Thus an
nt® order resonance corresponds to an initial condition being mapped to n different
locations under P, before returning to its original value.

A typical Poincaré section for the system described by the Hamiltonian (2.2)
with drive amplitude A = 0.05 is shown in figure 2.1. In this figure, several initial
conditions were chosen so that the phase space structure is clear. The subsequent

trajectories are sampled at 7 =3, 7. The 1 : 1 resonance is clearly visible, surrounded
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by a large stable island in the upper center of the figure, and wrapping around to
the bottom of the figure. (On the walls of the box, at ¢ = +1, trajectories at
+p and —p continuously join together, since the particle reflects of of the walls.)
Two 2 : 1 resonances can be seen, as pairs of islands around their period two fixed
points. They lie at lower momentum than the 1 : 1, surrounded by the chaotic ocean
formed by the tangles associated with all of unstable fixed points. All other n : 1
resonances have become unstable at this value of A. Some n : m resonance islands
are also visible in the figure. One can make out the 1 : 6 resonance, as six islands
surrounding the 1 : 1 (four of which are flattened). At high values of momentum,
the dynamics are again regular, and resemble more the constant energy surfaces of
the undriven system for large momenta. These invariant KAM surfaces bound the

energy of the chaotic trajectories.

2.2 Classical Simulation and Energy Absorption

A poor man’s quantum simulation may be carried out by iterating a “cloud” of
trajectories, arising from a distribution of initial conditions in phase space. Whereas
a quantum state carries phase information, a cloud of classical trajectories is a
probability distribution and does not take into account phase cancellation. That is,
a coarse-grained probability distribution would simply add magnitudes (number of
trajectories per sector), though we know that the true quantum prescription is to
add the complex amplitudes associated with given trajectories and then take the
modulus.

To demonstrate the character of the stochastic dynamics of trajectories in the

low-momentum chaotic region, we chose one hundred arbitrary initial conditions
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Figure 2.1: Poincaré section for the system described by the Hamiltonian (2.2) with

A = 0.05. Trajectories are sampled at 7 =a4 7.
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at low momentum and iterated them through the Poincaré map. By recording
the ensemble energy (E) = 13, p? after each Poincaré iterate, we computed the
statistics maz({F)) and ave({E)) over ten thousand cycles of drive. Only the kinetic
energy needs to be calculated, since our Poincaré section samples the motion at
T =ax T, when the potential energy is exactly zero in the well. Since the motion
within a chaotic region is ergodic, such a long time average is a valid representation

of the dynamics of an ensemble.

The result of such calculations, as the unitless driving amplitude ) is varied,
is shown in figure 2.2. The solid curve is the maximum ensemble energy, and the
dotted curve is the mean ensemble energy. The dashed smooth horizontal curves are
the tops of the 1:1, 2:1, and 3:1 resonances, denoted on the right. The vertical lines
mark the value of A where the indicated even resonances become unstable. If one
assumes a fixed physical drive amplitude, the effects of varying the drive frequency
can easily be obtained from a transformation of figure 2.2, using the scaling in
equations 2.1.

The most notable features of such a simulation are the plateaus in the maxi-
mum ensemble energy. They correspond to the tops of particular resonances, where
KAM surfaces block transport to the next resonance, and higher momenta. As A
is increased, the size of each resonance increases (as v/}, see Chirikov [15]). Even-
tually they grow to such an extent that the KAM surfaces between resonances are
destroyed, and transport is allowed to the next resonance island. Thus we see sharp
increases in energy from one plateau to the next.

The Chirikov criterion exploits what we just explained to predict the destruction
of KAM surfaces [15]). The criterion uses first order perturbation theory to calculate

the positions and half-widths of each resonance. Because of the symmetric nature
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Figure 2.2: Classical energy absorption over many drive cycles as a function of the

unitless driving parameter A.

of the well, only the odd resonances are predicted to first order. In fact, the even
resonances exist, but are in general much smaller than the odd ones. The criterion
simply states that the KAM surfaces will be destroyed between two resonances
when the sum of half-widths of the resonances exceeds the distance between them.
Without performing the calculation, (see [15, 33]), the positions and half-widths in

phase space of the odd resonances (to first order) are:

2 4/
Pn = Er_’ Apﬂ = F—, n= 1,3,5,“. (2.4)

This gives an overlap criterion between the n*? and the (n + 2)™ resonances:

. . 1
(Apn + APﬂ+2) 2 (p" - Pn+2); implying A2 4(n + 1)2 .

This result would imply an overlap between the 1 : 1 and 3 : 1 resonances at
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A = 1/16. It is an overestimate, as is common when one uses this criterion, however

the predictions are much better for higher-ordered resonances.

A better analytic method for predicting the destruction of KAM surfaces be-
tween resonances is a method introduced by Greene [23, 32]. He noted, through
numerical study, that KAM destruction seemed to correspond to a nearby chain of
n : m resonance islands making the transition from being stable to being unstable.
Moreover, he was able to prove this to be true for a simple map called the standard
map where stability criteria could be found for arbitrarily high-order resonance is-
land chains. Using a renormalization scheme, he pinpointed the parameter value
where all resonances would go unstable in a particular region, and thus when all

KAM surfaces in that region would disappear.

We have naively used this criterion to analyze the driven square well. By only
looking at the stability of the main even-ordered n : 1 resonances, one can approxi-
mate the value when the KAM surfaces will disappear between the odd resonances.
This is confirmed by plotting the values where the even resonances turn unstable,
and comparing them with the jumps in energy due to KAM line destruction. As
seen in figure 2.2, this works for most resonances (again, the worst case being the
destruction of KAM surfaces between the 3:1 and 1:1). Of course, the destruction
of the lowest lying KAM surfaces is impossible to see because of the width of the

initial cloud of states, coarse statistics, and numerical noise.

Greene’s method is in principle exact, however one must determine the stability
of all n : m resonances in order to determine the exact value of some parameter at
which the last KAM surface is truly destroyed. Renormalization calculations which
yield very accurate predictions of KAM surface destruction were done by Lin and

Reichl [30].
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2.3 n:1 Resonances and Their Stabilities

We now calculate the phase-space locations and stability of all n : 1 resonances
in the driven square well, which were used in predicting the absorption plateaus
and transitions in the classical simulation of section 2.2. In principle, this can be
accomplished using the Poincaré map, P. However, since an n : 1 resonant trajectory
is a fixed point of the map P", analysis of such a resonance can become unwieldy
for any value of n greater than one or two.

Instead, we use a slightly different map to achieve this goal. This new map,
which we will call M, is obtained by time-evolving the particle with equation (2.3),
but only up to the time when it bounces off of a particular wall, which we choose to
be the left wall at ¢ = —1. Therefore, the iteration scheme goes just as before, only
we sample the dynamics at a wall collision. Thus, M : (7042, 2) — ('rI’n odz2x’ '),
whereas P : (g,p) — (¢',p’). This has the advantage that all » : 1 resonances show
up as fixed points of M. On a resonant trajectory, the particle simply gets wiggled
n times during its flight from wall to wall, and in fact has the same magnitude of
velocity when it bounces off either wall. It is this observation about the particle’s
trajectory that allows us to explicitly calculate these resonances.

Taking the 7-derivative of equation (2.3) gives:
?(7) = Acos(T) — cos(70)] + Po. (2.5)

We seek a condition where the electron leaves the left wall at time 75, and arrives
at the right wall at time Tp = nx + 79, with p(Tr) = po. From equation (2.5), this

requires:

™

o=T17"=+1r.

The two cases (corresponding to either sign of 7*) will be treated separately, as
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both correspond to fixed points of M. Using equation (2.3), setting g(7r) = 1 and

go = —1, and solving for pp, we find our resonant momenta?:

e 2 A((-1)"-1)
= nr .

Po=7p

Reversing the momentum at 7 = 7g, it is clear from equation (2.5) that at time
71 = 2n7 + 7*, the momentum has returned to its original value: p(71) = p(7g) =
p*. Also, from equation (2.3), the electron has returned to the left wall. Thus
M (t%,p*) = (7°,p°). At this time, the system has undergone n cycles of drive,
8o we have found an » : 1 resonant trajectory.

Now that we have found the locations of these fixed points of M, the next step is
to determine their stabilities. For this we must linearize M about the fixed points,

and use standard linear stability analysis. Linearizing M about (7*,p*),

T* T—1T
M(r,p)= + M + -
o p—p
where
8
ry
an 8
5 Om (roipo)=(*p*)

is the Jacobian of M evaluated at (7*,p*). The stability of the fixed point at (0, 0)
of M is identical with that of the fixed point (7*,p*) of M.

The elements of M can be obtained from equations (2.3) and (2.5), by first

INotice that for odd n these momenta differ from the perturbative calculation used in the
Chirikov criterion (Eq. 2.4) only by a factor proportional to A. These exact momenta, plus the
perturbatively calculated half-widths, give us the estimate for the tops of the resonances seen in

figure 2.2. The even resonances are small, so their half-widths are taken to be zero.
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setting g(7r) = 1 and g(71) = go = —1 to obtain the four equations:

1 = Msin(vr) - sin(7o)] + [po — A cos(ro)}(7r — 7o) — 1

PR = —(A[cos(7r) — cos(7o)] + po)
(2.6)

-1 = Afsin(n) - sin(7gr)] + [pr — A cos(TR)](T1 — TR) + 1
p1 = —(Acos(ry) — cos(7r)] + pr).

(From now on we define pg = p(7r) and py = p(71).) These equations correspond
to motion from the left wall to the right wall, reversing momentum (thus the overall
minus signs in the momentum equations), and returning to the left wall, where the
momentum is once again reversed, so that the process is ready for re-iteration.

Taking the derivatives of all four equations (2.6) with respect to 7o and pg, one
obtains eight equations which not only contain the elements of M, but also the
four partial derivatives of 7p and pp with respect to 79 and pp. Substituting in
the resonant values for 79, Tg, 71, and po(= pr = p1), the eight equations can be
inverted to find an explicit form for M.

Linear stability theory gives a simple condition for fixed-point stability when the
map is two-dimensional, and area-preserving. This is the case here, since det(M) =
1, which can be readily checked. In this case, the fixed point (0,0) is stable if and
only if |TrM| < 2.

For even n,

TrM = 2 - Alnfird,
for both 7* = :i:%‘lr. Thus the even resonances are stable if and only if

2
[Al < L (2.7)
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For odd =,
aAn?r?  Alpipd
TM=2- |\ 3T "D
= —%‘n‘, the signs in the denominator are plus signs, and TrM > 2 for any

positive A. Thus half of the odd resonances are always unstable. If 7* = +1r,
the signs in the denominator are minus, and some algebra reveals that these odd

resonances are stable if and only if
(2.8)

Thus we have determined the (7,p) locations and stabilities of all of the n : 1
resonant trajectories of M. These trajectories show up as n*h order fixed points of
the Poincaré map P, with identical stability criteria. To find the (g, p) intersections
of these trajectories given by P, one needs only to evaluate equations (2.3) and (2.5)
at each cycle of drive.

This ends our classical exploration of driven systems. This chapter was meant
to give the reader a feel for the phase space structure of a driven, confined system.
As we will see in the next chapter, many of the classical phase space features will
persist into the quantum regime. In addition, the system’s nonintegrability will give
rise to a surprising new feature, which is purely a quantum-mechanical in nature.

Let us now proceed to quantize the driven square well.
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Chapter 3

Quantum Mechanics: The
Floquet Picture

In this chapter we will quantize a driven system and examine its dynamics. Whereas
the classical system’s nonintegrability led to chaos, in the quantum system nonin-
tegrability leads to absorption anomalies, which can be seen in energy-absorption
calculations analogous to those done for the classical system. The Floquet theory
necessary to understand strongly driven quantum systems will be developed in this
chapter, and we view the effect of the drive on the quantum system through quantum
phase portraits. The absorption anomalies are nonperturbative resonances, which
are caused by multi-photon processes between Floquet states (eigenstates of the one
period propagator). These multi-photon processes occur at avoided crossings in the
quasienergy spectrum, which is the spectrum of eigenvalues corresponding to the
Floquet states. Avoided crossings only occur in non-integrable quantum systems,
and manifest themselves as a form of nonlinear transport in the quantum system.
To conclude this chapter, we will look at the instructive case of a driven two state

gystem, in order to disect an avoided crossing.
We begin by quantizing the driven particle in a square potential, which was ex-

23



24 CHAPTER 3. QUANTUM MECHANICS: THE FLOQUET PICTURE

amined classically in the last chapter. This introduces one new parameter to the
system, a scaled Planck’s constant. The other parameter, the scaled drive ampli-
tude, remains the same. We may examine the quantum system in an analogous
fashion to the classical Poincaré section, using a phase portrait of quantum states
called Floquet states. These are eigenstates of the one-period time-evolution oper-
ator, which is obtained by integration of Schrédinger’s equation. Floquet states are
therefore invariant states of the driven system, and their phase space portraits show
them to have maximal density in regions of phase space where invariant classical
surfaces exist. The dynamics of the quantum system therefore resemble the classical
system, if the scaled Planck’s constant is small so that many states exist in a given
region of phase space. However, an energy absorption simulation like the one done
for the classical system shows an entirely new feature, a resonance peak which has no
apparent classical analogy. This is a multiphoton absorption, coupling two Floquet
states. These absorptions can be predicted by examining the eigenvalue spectrum
of the Floquet states. If two states have the correct parity, the drive will couple
them at an attempted spectral crossing, breaking the degeneracy. This coupling
causes the spectral lines to avoid each other, and allows transport between the basis
states which comprise the coupled Floquet states. The multiphoton process, and
the extended states formed from previously localized states, can be seen explicitly

by viewing the phase portraits of Floquet states on and off of the resonance.

3.1 Schrodinger’s Equation and Phase Portraits

The quantum dynamics of the system are found by solving Schrédinger’s equation

L 8% R2o%p

1 5’"_- = —?—8;5 + ’\qsm'r'll’(q,'f), (3‘1)
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obtained from the Hamiltonian (2.2), with the boundary conditions ¥(|q| > 1,7) =

0. Here h is a unitless free parameter, related to the physical Planck’s constant by
k= (mwa?) phy,. (3.2)

Thus in addition to the purely classical parameter A, we now have the purely quan-
tum mechanical parameter %.

The Hamiltonian (2.2) is explicitly time-dependent, so there are no stationary
states or energy eigenvalues. Instead, since the time dependence is periodic, one may
invoke Floquet theory!. Floquet’s theorem, applied to the Schrédinger equation,
states that if H(r) = H(7 + T), then there exists a complete orthonormal set of

solutions to ifigh = H1 of the form
pn(r) = e7n T Py (1), (3.3)

where u,(7 + T) = un{7). These are completely analogous to Bloch states, (Bloch
theory is just the special case of Floquet theory when the periodic variable is the spz-
tial codrdinate), and therefore it should be no surprise that the ¢, are quasienergies,
which are conjugate variables of 7, and are only defined up to an additive constant:
Enm = €n + 27hm/T. Thus the spectrum of quasienergies lives in Brillouin zones
determined by m.

The quasienergy differences 2rhm/T wash out when multiplied by —i7/f and
exponentiated, and since (3.3) is independent of the Brillouin zone number m, we
must have
i2xmr/T

Un. (3.4)

 For a rigorous introduction to Floquet theory, see for example Coddingion and Levinson [16].

Unm = €

A good practical introduction is given in a Physical Review article by J. H. Shirley.
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h zone. Thus although we have an infinite

where Upn, is the Floguet state in the m*
number of unm,’s associated with each quantum number =, each represents the same
physical state ¢p,.

How can these quasienergies be interpreted? In some sense, they represent the
perturbed energy levels of the system. This can be seen if one imagines reducing

the time-dependent part of H to zero. Then Schrédinger’s equation is integrable,

with an orthonormal set of solutions of the form:

—sEnT/h

pa(7) =e Un,

where the u, are time-independent eigenstates of H, and E,, are the energy eigen-
values. Thus, in the limit of zero driving, the Floquet states become the stationary
states, and the quasienergies become the real energies, in the m = 0 Brillouin zone.

Without going into the details of Floquet’s theorem, one can see how the Floquet
states (3.3) and quasienergies can be calculated. We first calculate the unitary

propagator Uy, which takes a state from time 7 to time v 4+ T,

Ur(r) = $(7 + T), (35)

Note that the eigenvalues of Ur must be of unit modulus, since Uz is unitary. The

cigenvalue equation for Uz is then
Urpn(T) = e¥napn(r). (3.6)

Evaluating the Floquet states (3.3) at times 7 and 7 + 7', we see that the Floquet
states are in fact the eigenstates of Uz, and combining (3.5) and (3.6) we see that
the quasienergies are

En = —Ta,,.



3.1. SCHRODINGER’S EQUATION AND PHASE PORTRAITS 27

Ur is in fact the Poincaré operator for the quantum system. Moreover, the
Floquet states are localized about the classical invariant structures in phase space!
This will now be demonstrated, as we calculate the Floquet states and quasienergy
spectra of our system.

Of course, we must make a truncation, or N-level approximation, to our system
in order to do numerics. We believe that a large enough basis will model our system
accurately, especially if the omitted states do not couple significantly with the states
we choose to keep. The square well is a good system to model, since energy level
spacing increases with increasing energy, thus effectively decoupling higher states,
no matter how large the drive. (This should be compared with the classical system,
where invariant energy curves become less and less affected by the drive for high
enough energy.) However, one must beware of a systematic error which arises from
an artificial conservation rule introduced by basis truncation, and will always lead to
an incorrect quasienergy spectrum from diagonalization of Ur. For a harmonically

driven system with a finite number of states N, the constraint

N N
ZSJ' = Z EJ' (mod fuu) (3.7)
j=1 J=1

holds for any drive strength, where the left-hand side is the sum of over the quasiener-
gies, and the right-hand side is the sum over the undriven energy eigenvalues of the
system [12]. Take for example the driven harmonic oscillator, an integrable sys-
tem with exactly calculable quasienergies. The exact calculation shows no avoided
crossings, as it must, yet the truncated system’s quasienergy spectrum is filled with
avoided crossings. In that system, most of the spectrum becomes garbage for moder-
ate drive strengths, as the artificially imposed constraint (3.7) forces the quasienergy

lines to bend into one another, and thus produce avoided crossings. A way to test
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one’s results is to increase the basis size and see if the part of the spectrum one
is interested in has converged. For the driven particle in a box the problem is not
nearly so bad, and we will mainly be interested in the bottom half of our spectrum.
In any system where the states of interest do not couple strongly with the rest of
the states, a finite basis truncation which includes all of the states of interest will in
general be a good approximation to the full system. This is the case with a noninte-
grable Hamiltonian system, such as the one we are studying here, where the classical
phase space consists of a region of chaos is surrounded by KAM surfaces, and in the
corresponding quantum system a finite number basis states will be strongly coupled

in the chaotic regime. How this works in detail will be described shortly.

We choose as a spatial basis set the eigenstates of the undriven particle in a
box. Using the first N of these basis states, we integrate equation (3.1) through one
cycle of drive, with pure basis states as initial conditions. After all basis states are
propagated through one drive cycle, the resultant vectors are put together to form
the matrix? Uy.

In order to visualize the correspondence between the Floquet states and the
classical phase space structures, and to be able to reference any state to the classical
phase space, we expand states using a mock phase space distribution {26]. It is
impossible to construct a true probability distribution of a quantum state 3 over
position and momentum, owing to the uncertainty principle. However, we may
do the next best thing, and construct a function H(qo,po) which is the squared

modulus of the overlap of ¥ with a coherent state a(go,po), which is centered at

3 Actually, becanse of symmetries of the system, only the one-quarter cycle propagator Ur,
needs to be calculated. Then the half-cycle propagator is Ursa = Transpose(Ur;4)Uxz;s, and the
full-cycle is Ur = (SUr/2)?. Here S is the diagonal spatial symmetry operator: Spn = —~(=1)".
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(90, P0)- This is a Husimi distribution. Coherent states are maximally localized in ¢
and p, that is, they satisfy the minimum uncertainty relation AgAp = %h. Thus a
Husimi distribution tells us the extent of a state’s localization at any point in phase
space. This distribution is somewhat ambiguous since there are many different
coherent states, all of which are solutions to a harmonic oscillator Schrodinger’s
equation. We chose the coherent states a(go, po) to have Gaussian modulus in both
q and p representations, centered at g and po respectively. The product of the
standard deviations in position and momentum is of course %h, but the ratio of a's
momentum distribution width to its position distribution width is 2, the frequency
of the harmonic oscillator to which « is a solution. We will use 2 = 1, but other
values will bring out more detail in either the g or the p direction. Thus our coherent

states, in the position representation, are
1\
—{(a—as)2+ipo(2q—
{ga(g0, o)) = (E) ¢~ [(a=90)*+ipo(29~g0)1/25

For example, Husimi distributions of several Floquet states of the Schrédinger
equation (3.1) are shown in figure 3.1, for A = 0.05, so a comparison can be made
to the classical phase portrait in figure 2.1. In figure 3.1, A = 0.025.

Notice the high-momentum states which resemble KAM surfaces. They are each
comprised mainly of a single undriven basis state, and couple with other states less
and less for higher momentum. Thus we can feel justified in truncating the basis to
N states, such that the root mean square momentum of the N*# basis state is well
into the KAM region of the classical phase space. Then, all of the low-momentum
dynamics, taking place in the chaotic and resonant regions of the classical phase
space will be fairly accurate.

As mentioned earlier, classical resonances, both stable and unstable, have Flo-
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quet states localized upon them. The chaotic region is filled with a number of
Floquet states, and Floquet states also lie along KAM surfaces. The smaller %, the
more states fit in a region of phase space, and more features of the classical phase

space are resolved in the Husimi distributions of the Floquet states.

In figure 3.1, we see the Husimi distributions of the first twenty-three Floquet
states of the quantum system with A = 0.05 and % = 0.025, in order of increasing
mean energy. For reference to the classical phase space at this value of A, figure 2.1
is reproduced in this figure. Notice that the region below the KAM surfaces in
the classical portrait has an area of approximately 3.4, so that we expect about
3.4/2rh =~ 22 quantum states to fit in this region. Indeed, we see at least twenty,
and perhaps twenty-one. The higher energy states all lie on KAM surfaces?, and
are composed of fewer and fewer energy eigenstates of the undriven system. The
first four states at low energy also resemble basis states, but are slightly mixed.
States 5-7 are associated with the third resonance (5 and 7 lie on the just-turned
unstable three-cycle, and 6 lies on the always unstable three-cycle.) States 8, 9, and
perhaps 10 lie on the second resonance. States 10 and 11 resemble KAM surfaces,
which existed there in the classical system for lower values of A. At this level of
quantization, the dynamics are still bounded by these states, as if the KAM surfaces
still existed. State 12 lies on the 1: 1 unstable fixed point, and has ghostly “arms”
reaching around the stable resonance. This is an example of localization upon the
stable and unstable manifolds associated with an unstable fixed point [28]. States
13-20 are all associated with the island around the stable 1 : 1 fixed point. Notice

the increasing number of nodes in the states, outward from the fixed point. These

3When we say that a quantum state “lies on” a classical surface, we mean that the density of

that state is maximal in the region of phase space where the classical surface lies.
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states provide a basis for the harmonic-oscillator like dynamics near the fixed point.
This rich detail disappears for larger £, as will be seen later in the system shown

in figure 3.3.

3.2 Quantum Simulation and Energy Absorption

We now perform a true quantum simulation of the driven particle in a box. This
is quite easy to do with the basis of Floquet states above. In order to start in
the unperturbed ground state, we simply set ¥(r = 0) = (1,0,0,...,0). We can

propagate the system through one drive cycle, T = 2, with our propagator:
Y(r = 27n) = (Uze)*¥(7 = 0).
After each application of Uj,, we find the ensemble energy of the system:
(E(r = 2nn)) = (W(r = 2nn)|Hol(r = 2rn)),

where Hy = %pz. Again, we are sampling the dynamics at 7 =3, 0, when H = Hj.
Propagating through 1,000 cycles of drive, maz({E)) and ave({E)) are calculated

for various parameter values. An example is seen in figure 3.2. In this figure,
= 0.06875, and A is swept from 0 to 0.05. Besides a more or less featureless
response, a sharp resonance occurs at A = 0.0395. The reader is reminded that
this resonance occurs as the field intensity, not frequency, is varied! This resonance
is not predicted by standard time-dependent perturbation theory, as the driving
strength is far too strong here for it to be valid. Indeed, this is a nonperturbative
multi-photon absorption, and the mechanism behind it will be examined in the next

section.
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Figure 3.1: Several Floguet states of the driven particle in a box, in order of increas-
ing mean energy, A = 0.05 and % = 0.025. The axes on each picture are identical

with those of figure 2.1, which is reproduced on the lower right.
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Figure 3.2: The maximum (solid) and mean (dashed) ensemble energy of the quan-
tum system, at k. = 0.06875, sweeping through A. Below, selected lines from the
quasienergy spectrum. The lines are labeled (n,m), where n is the unperturbed basis

state from which the Floquet state evolves, and m is the “photon” index number.
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3.3 Nonperturbative Resonances

The mechanism behind the nonperturbative resonances is revealed upon examining
the quasienergy spectrum as a function of a varied parameter, in our case A. Varying
A while keeping £ fixed corresponds to varying the laser intensity while keeping the
frequency fixed. Since quasienergies are ambiguous up to an integer multiple of hw,
our quasifrequencies are ambiguous up to an integer. (We have scaled the drive
frequency so that w = 1.) In order to establish an absolute reference frame in
quasienergy, we let the absolute quasienergy €,, be defined such that ¢, — E,; as
A — 0. Then, &nm = &n + mh. We have labeled the quasienergy lines as (n,m) in
figure 3.2, forn=1—- 5.

It is apparent from the spectrum in figure 3.2 that nonperturbative resonances
correspond to avoided crossings in the quasienergy spectrum (see the inset in this
figure.) This was first noticed by Shirley [36] in the context of two-state systems.
Avoided crossings occur between the quasienergies of two Floquet states whenever
there is a non-zero matrix element coupling those states at a potential degeneracy.
In that case, the coupling lifts the degeneracy, and as in standard degenerate per-
turbation theory, a new basis is formed out of the two Floquet states [10, 11]. This
new basis can be a channel of transport from low to high momentum states, causing
a pronounced increase in absorption at the avoided crossing.

To determine whether or not two spectral lines of a spatially symmetric system
may cross, one has only to calculate a spatio-temporal parity of the Floquet states
in question. The Schrodinger equation (3.1) is invariant under the parity operator

T = T+7

Sp:
q — —q
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The states unm,, as defined by equations (3.3) and (3.4) are eigenstates of Sp, and
Spunm = (—1)"+™*+lu,, [13]. The spectral lines of two states with the same Sp
parity will avoid each other instead of crossing, breaking their degeneracy through
the coupling of the drive. Since the crossing takes place in the same Brillouin
zone in energy, the coupling is actually occurring between two states mh apart
in quasienergy. Now since each Brillouin zone represents one photon energy from
the field, we can think of the absorption at an avoided crossing as an m-photon
absorption. These are strong resonances, not predicted by standard time-dependent

perturbation theory.

This brings about an important notational point. In order that an avoided cross-
ing between two quasienergies with zone-index difference Am always correspond to
a m-photon difference between quasienergies, we must label the Floquet states and
quasienergies as if the spectral lines had crossed! Since the physical characteristics
of the Floquet states also behave this way, the indexing makes intuitive sense. Qnly
when we wish to follow a Floquet state along a continuous quasienergy line will this

notation have difficulties.

The mixing of Floquet states at an avoided crossing is obvious upon examination
of the states’ Husimi distributions. Figure 3.3(a) shows the Husimi distributions of
the Floquet states which arise from the first twelve basis states in 2 box driven
with A = 0.0500 and & = 0.06875. Figure 3.3(b) shows the corresponding states
at A = 0.0395, and we have an explicit view of the multi-photon process taking
place at the avoided crossing, and causing the nonperturbative resonance in the
energy. These states are mostly identical in appearance to those in the top half of
the figure, with the exception of the n = 1 and n = 5 states. These have married

to form the two new states seen, which are both more extended in momentum than
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the corresponding Floquet states off the avoided crossing.

Nonperturbative resonances, and the avoided crossings with which they are as-
sociated, are dominant in the Floquet states which are most perturbed from the
undriven basis states. This implies that the regions where KAM surfaces are most
distorted or destroyed support Floquet states which interact strongly through multi-
photon processes at avoided crossings. Thus these resonances constitute a concrete

manifestation of classical chaos in driven quantum systems.

3.4 History-Dependence and Avoided Crossings

A useful system for understanding the Floquet picture and the quasienergy spectrum
is the driven two-state system. There, the spectrum contains only two quasienergies,

and so avoided crossings are isolated. Consider the Hamiltonian
H(t) = Ho + Vi(1), (3.8)

where Hp is the undriven (single-particle) Hamiltonian, and V(t) is the external

driving field. If we work in the basis of eigenstates of Hy,

HOIEn) = -Enlfﬂ)’ n=0,1

and set our energy scale such that Eo = —E;, then (3.8) becomes

-1 0 01
H(t) = 1o + hwp sin wt, (3.9)
0 1 1 ¢
where
ﬁwD = 65210, (310)

bhuwio = Ey — Ep, { = (211 — 200)/Z10, 20d 2mp = {(€ml|2]€n). We have set our

codrdinate system such that zg0 = 0.
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Figure 3.3: Floquet states, in order of increasing mean energy, h = 0.06875. (a)
A = 0.0500, (b) A = 0.0395. The axes in each picture are identical with those of

figure 2.1.
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Now, we may integrate Schrodinger’s equation for this Hamiltonian to find the
one-period propagator P, and diagonalize to find the quasienergies as a function of
the field strength (or, equivalently, as a function of wp). Choosing w/wyo = 0.33 (for
no particular reason, other than to demonstrate a particular example), and ¢ = 0,

and sweeping through wp, we arrive at the quasi-energy plot in figure 3.4,

The avoided crossings between the quasienergy levels are easily seen. We have
labeled the second “Brillouin” zone index m of each state as described in the last
section. Let us explore the behavior of the two-state system through this example,
as we vary the effective drive amplitude wp. We will see that the behavior of the
system is strongly dependent on the history of wp, that is, how we take the system
from wp = 0 to its final value. Keep in mind that this example is without damping

- the effects of damping will be explored in later chapters.

If we ramp up the drive very slowly, then the system will adiabatically evolve
from its initial state. That is, if it starts in the ground state, the system will be in the
Floquet state which evolves from the ground state and whose quasienergy evolves
continuously from the ground state energy. If one turns on the drive instantly, the
system will be in a linear combination of Floquet states, given by the overlap of the

two Floquet states and the initial state.

If one ramps through an avoided crossing, then the final state of the system again
depends on the ramping speed, in which case one finds that the system “jumps the
gap” at an avoided crossing if the ramping speed is fast enough. For slow ramping,
as the system evolves adaibatically along one continuous spectral line, it will “turn
the corner” at an avoided crossing. The wider the gap at an avoided crossing, the

faster one must ramp to jump over it. The probability of jumping the gap is worked
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Figure 3.4: The quasi-energy plot of the two-state system described by the Hamil-
tonian (3.9), with w/wyp = 0.33 and { = 0.
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Figure 3.5: Geometric meaning of §¢ and éwp at an avoided crossing. (From Breuer

and Holthaus, [12].)

out in Breuer and Holthaus [12], and is
iji = e""llz

where 7 is given by
_1 bebwp
"= %dwp/dt

wp=w}
Here, 6¢ is the size of the quasienergy gap between the #** and ;% states, fwp is the
wp-interval over which the distance between the levels grows by /2, and w}, is the
wp-position of the avoided crossing. (See figure 3.5.)

Since the physical characteristics of the two Floquet states swap at an avoided
crossing, as if it were not there, this means that the system will keep its physical

characteristics if it is swept quickly enough through the crossing. Thus, in a sys-

tem with many states, where there are several tiny avoided crossings riddling the
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quasienergy spectrum, one can ignore the smallest gaps. These are effectively “in-
visible,” unless the system is ramped up slowly enough. In an infinite-state system,
there are avoided crossings of all sizes, so that no speed is slow enough to jump
all gaps. Thus, as we ramp more and more slowly, the final state of the system
keeps changing, as smaller gaps become “seen” by the system. No adiabatic limit
exists, then for a driven system at arbitrary field strength! How do we classify the
dynamics of a strongly driven system, when there is such a dependence on the past
history? This question will be explored in chapter 6.

Let us return to our simple two-state system, and look at a certain physical char-
acteristic, namely the dipole {(z(t)) = (¥(t)|z|%(2)), where |4(¢)) solves Schrédinger’s
equation for the Hamiltonian (3.9), again with w/wie = 0.33 and { = 0. We will
start in the ground state, and ramp up to three final values of wp: before, at, and
after the first avoided crossing in figure 3.4. In each case, we will ramp up both
very slowly and very quickly, compared with the size of the gap in the way described
above. Figure 3.6 shows the results. The history dependence is clear; and we also see
that at the avoided crossing, the dipole response is strongly fifth harmonic, which is
the photon-index difference Am between at the gap. When one ramps up the field
wp adiabatically, so that the system follows a continuous quasienergy line (wp),
then the component of the first harmonic response which is in phase with the driving
field is proportional to de/dwp. (See appendix A for the proof.)

We will return to this system and classify its history-dependence later in chap-
ter 6, and also incorporate the effects of many-body interactions and dissipation. So
now let us divert our attention to the modeling of many-body effects and dissipation,

in the next two chapters.
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Chapter 4

Many-Body Effects

Up until now we have ignored the electron-electron interactions in our description
of the quantum well. Although the single particle picture is interesting, it is not an
accurate model quantum well at doped at a typical sheet density Ns ~ 10'*cm™2.
In a wide quantum well, say on the order of hundreds of Angstroms, this implies a

3-D density n ~ 10'7cm—3. Thus, the typical inter-particle spacing r, defined by
irrdn =1, (4.1)

which comes out to about r ~ 10~%cm. At this distance, the Coulomb repulsion

between two electrons is

o2
V(r)= e 10meV.

(Where & = 13 is the DC dielectric constant in GaAs). This is on the order of the
difference between the lowest intersubband energies! Clearly we are missing much

by neglecting electron-electron interactions?.

'In narrower quantum wells the relative Coulomb energy is lower, since the intersubband spacing
goes approximately as the square of the inverse well width, but the electron density is proportional

to the well width, so that the Coulomb energy goes only as the inverse width.

43
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Density functional theory [27] lends itself to solve the time-independent many-
body problem, by replacing it with a self-consistent many-body potential and single-
particle Schrédinger equation [29]. The eigenstates of this Schrédinger equation may
be used as the basis set for time-dependent perturbation theory, when an external
driving field is applied. From this, one may calculate a many-body response function,
if one is careful to include the time-dependent fields generated by the driven electron
density. The first-harmonic response function, complete with the self-consistent
effects due to electron-electron interaction, has been calculated by Ando [1]. He
performs this calculation? with the time-dependent change in the electron-electron
interaction potentials accounted for in a self-consistent manner. In the same spirit,
we will extended this work to the second-harmonic response. The second-order
change in the single-particle effective potential is self-consistently calculated, and
from this we can compute the second-order susceptibility )'((2)(2w;w,w). For the case
where only one subband interacts significantly with the ground subband, we derive
an explicit two-subband formula for %(?)(2w;w,w), and we also derive an explicit
two-subband formula for the so-called linear electro-optic effect, ¥(2)(w;0,w). The
latter is calculated easily from the self-consistent first-harmonic response. In both
cases, the resonant frequencies appearing in the denominator are shifted, because
of the electron-electron interactions, by the same amount as in the first-harmonic

respomnse.

We will end this chapter by comparing the second-harmonic response of an asym-
metric quantum well, obtained experimentally by Heyman et al. [25], with the re-

sponse function %(?)(2w;w,w) calculated in this chapter. Their experiment confirms

? Actually, Ando calculates the self-consistent conductivity, which differs from the susceptibility

by a factor of fw.
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the location of the depolarization-shifted resonant frequencies of the second order

response.

4.1 The Self~-Consistent Quantum Well

One can calculate the ground state of the undriven system by a Kohn-Sham self-
consistent scheme (see appendix B). Assuming translational symmetry in the plane
perpendicular to the growth (z) direction of the well, we reduce the problem to
a one-dimensional single-particle time-independent Schrédinger equation for the 2-
component of the system:

K d?

T omse 22_2

+ W(2) + (2)| éa(2) = Enkn(2). (4.2)

Here, E,, is the bottom of the n*» subband, and we now include the effective potential

due to electron-electron interactions, v(z). This term can be divided into two parts,
v(2) = vs[n(2); 2] + vae[n(2); 2).

Here, the notation implies that the effective potential is a functional of the electronic
density n(z), which is the conclusion of the Hohenberg-Kohn theorem [27]. The
direct, or Hartree term, is the purely classical electrostatic potential due to the

density of electrons,

ame? [ g 2me?N
vy[n(2);2z] = - 1:: /mdz'j_w dz"n(2") + le—;—iz, (4.3)

obtained by integration of Poisson’s equation. The 3-D density n(z) is related to
the 1-D density p(z) by

n(z) = Ngp(2). (4.4)
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The choice of integration constants to obtain (4.3) is such that the resultant electric
fields at z = 00 are exactly opposite:

1 8v,

e 0z |20

Ec(o0) = ~ = —Ec(~00).

This is the case if there is no other charge in our system, as we will assume. Any
overall additive constant to the electrostatic potential has been dropped for the sake
of simplicity. This of course will not change any of our results.

The so-called indirect term vz[n(z); z] accounts for the effects of exchange and
correlation as a local potential. (See appendix B for more on this term.) There are
many approximations in the literature for this last term, most of which are valid
for time-independent systems. In the derivations in this chapter, we will assume
that the exchange-correlation term is frequency-independent, and that the time-
dependence of this term comes merely from the time-dependent electronic density,

used in the static form for the vz, that is
v(z,t) = va[n{z, t); 2] + vze[n(z, t); z]. (4.5)

This is called the Adiabatic approximation.

Local approximations to the static exchange-correlation potential can be found
in Dreizler and Gross [19], for example, and usually have the limitation of being
valid only in the slowly varying and high electronic density regime. Although this
condition is not strictly met in most quantum wells, the approximations used none
the less give reasonable results. The form we use is that proposed by Hedin and

Lundgvist (see [19]),

vecln(z,8);2] = — [1 + 178, (1 + ;“:T))] 2 (54;)— WIZ)R;, (4.6)
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where 7,(z) = r(2)/a3, (7(z) being defined by equation 4.1 as a function of n(z)),
ay = kh?/m*e? is the effective Bohr radius in the material, and R} = €?/2xa} is
the effective Rydberg. This form is claimed by its originators to be valid roughly
in the range r, ~ 2 — 6. This is indeed the case in typical quantum wells, where
74 ~ 3 — 4. However, a frequency-dependent exchange-correlation potential® derived
for the homogeneous electron gas by Gross and Kohn [24] shows a marked frequency-
dependence for relatively low electronic densities (r, > 2). It is expected, then,
that our Adiabatic approximation for vy, is not a good one, but will merely give
qualitatively correct results, as a first correction to the Coulomb potential.

An example of the self-consistent ground and first-excited states of a doped
square well are shown in figure 4.1, superimposed over the self-consistent potential.
The top graph shows the empty well, the bottom graph shows the doped well,
assuming only the ground state is occupied. Although the scales of the wavefunctions
in these graphs are arbitrary, their asymptotes are placed at their corresponding
energy eigenvalues relative to the well. As one can see, in a square well the self-

consistent effects can flatten out the ground state wavefunction significantly.

4.2 The Second Harmonic

We will now calculate the second-harmonic susceptibility )2(’)(2w;w,w), which will
be abbreviated %{(?) in this section. When an external electric field £(e~** + e't) is

applied to the system, it modifies the electronic density, which we will carry out to

31t should also be pointed out that Dobson [18] has prescribed a method which splits the motion
of the electron density into two parts: a translating part, and a compressing part. The first part
should be used with the static exchange-correlation potential, and only the second should be used

in the frequency-dependent exchange-correlation potential.
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Figure 4.1: A square well, empty (top) and with an electronic sheet density Ng =

2 x 10"cm™~2 (bottom). The ground and first excited self-consistent eigenfucntions

are superimposed on the well, so that their asymptotes are at their corresponding

energy eigenvalues on right vertical axes, but their overall scale is arbitrary.
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second order as §n(1)(z)(e~™t + €™t} + §n(2)(z)(e~t + ¢?“), This gives rise to a
change in the direct and indirect potentials, which we represent as the second order

perturbing potential
V(z,t) = V(l)(z)(e—iwt + eiut) + V(Z)(z)(e—ziut + eziwt). (4.7)

We are ignoring phase shifts here (keeping only terms in phase with the driving
field), since we are assuming infinite lifetimes at present. Later, we can introduce a
small imaginary components to the resonant frequencies which will give the desired

phase shifts on resonance. The Fourier coefficients are given by

V(l)(z) =efz+ 6u$l)(z) + 5”&9(2) (4.8)
and
V@)(z) = 60 (z) + 6v8)(2), (4.9)
where
2 z 2 .
svl(z) = —47:: f dz’ f dz"6n0)(2") (4.10)
and
- v, ;
()2} = TV 5,(3)
611:(:(3) an(z) on (Z) (411)

We should pause to justify our assumption given above concerning the form
of the self-consistent potential. Second-order perturbation theory not only gives a
second-harmonic response to a monochromatic external field, but also a static or
secular shift. We have not included this term self-consistently. This is perfectly
correct, since the secular terms are second-order in the perturbing field. Thus, the
effect on either the first or second harmonic must be at least third-order, beyond the
order of our calculation. Therefore we may ignore it without affecting the second-

harmonic. Also, note that the second-order potential V(2)(z) does not affect, but
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only responds, to the first harmonic V(})(2), to second order. So we may first
self-consistently solve for V(1)(z) in response to the external field, and then self-
consistently solve for V(2)(z) in response to V{(1)(z).

Assuming that only the ground subband which we label |0) is initially occupied,

time-dependent perturbation theory gives (setting % = 1)

§nl1)(z) = —2Ng > Eﬂ(z)fo(z)V,Scl,)w—::l_o—w—z, (4.12)
and
§n®(z) = —-2Ng }ﬂ:es,.(z)&,(;.r)v,fg’E)%jE (4.13)
1

+ N5 Y £a(2)bm(2)VSVES

0 (Umo - w)(wno + (.U)

Ay 1 1
+ Ns 3 a(o)eal)VEVS5 [ ey R e rream |

where Ng is the electron sheet density, wy,o = E,, — Ep, and v = (n|VENm).

Now we may directly calculate the second-order susceptibility from

72 = é /;m dz 26n(?)(z2). (4.14)
Using (4.13), one has
%D = _2%2%01/(2)_.__“’"_0_ (4.15)
£ ™ 2= (2]

eNs (1)¢-(1)
+ £2 §zﬂmvno Voo (@mo — @} (Wno + w)

eNs Wy [ 1 1 ]
&2 § 2noVam Vind (wno — 2w)(wWmo — W) + (wno + 2w)(wmo + w)I’

+

where z,, = (n|z|m). Now all that is left is to find the self-consistent matrix

elements V,g:,)‘
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Starting with the first-order matrix elements, insert the first-order change in

density (4.12) into (4.8) and take a matrix element of (4.8), giving

(4.16)

4re? n
I’:v(kl) = efzx — 2Ns ) ( "= Sikno + Xﬂmo) V(l)_"——w -
K wi —w

n

Here we are defining the integrals*
= z z'
Sibom = = [ deti(@u®) [ o' [ daea(em(z)  (417)
—o0 ~0o —o0

and
O0vge

Xjeom = | : dot5(2)Ea( (2 Vom( ) sy (4.18)

Setting k& = 0 in (4.16) allows its solution as a linear algebra problem, then the
rest of the matrix elements (k > 0) may be readily calculated. Now we must solve
for the second order matrix elements, by inserting the second-order density (4.13)

into (4.9) and taking a matrix element of (4.9), giving

4 T
v = ¢ - 2Ns§ ) (—~—“ om0 + X,ono) VO Y (419)
Wno — (2‘”)

Here we only need to find one column of V(2), since (4.15) requires no more. The

vector (; is

~ 4me? _ 1)y, (1) 1
(G o= ng ( . Sjonm + XJO'"") Voo Vmo (wmo — w)(wno + w)

*The integral 4.17 can be integrated by parts, giving

Siwmm = f_ : dz [ i ,, dz'e..(z‘)fm(z')] [ f T i) "51'1-] ,

-0

and simplified in most cases by the identity
j dz'€n(2)em(2') =
—o0

if wnm # 0. To prove this identity, differentiate both sides by z, and use Schrédinger’s equation to

[tn(a) 5= - Boem(a)]

me

climinate the second derivatives. Since both sides of the above equation are equal (to zero) in the

limit z — —oo, then equal slopes imply equal values.
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4re?
Ns)_ ( 7:: Sjono + X:‘Orm) VRV
nm

1 1
[(w,,o - 2w)(wmo — w) + (wno + 2w)(wmo + w)]
Again, (4.19) may be solved with linear algebra.

Thus, one has a computational method for calculating the self-consistent re-
sponse function %{(?), using (4.15). We may obtain some insight into the many-body
effects by looking at the system in the two-subband approximation. Then, the above
linear equations may be solved trivially, (see appendix C for more detail) and after
re-inserting h, we have (assuming we have set our codrdinate system so that zgg = 0,
and labeling the excited subband |1})),

3 2 2 (.2 2
3e°Ns  2zjpzniwip(wip — w?)

2O owiw,w) = = & @)t (4.20)
This response function has the resonant frequency
@y = wip(1+ an ~ fu), (4.21)
where
Qjr = 2Ns%§5,-o,.o(w,-ow,m)-l/2 (4.22)
and
Bin = —2Ns X jono(wjowno) /2, (4.23)

exactly the two-subband shifted resonance frequency found in the first-harmonic

response [1].

4.3 The Linear Electro-Optic Effect

Whereas the function ;2(2)(2w;w,w) gives the response due to the addition of two

like frequencies, the linear electro-optic effect is the response function ¥(?)(w;0,w)



4.3. THE LINEAR ELECTRO-OPTIC EFFECT 53

due to the addition of the frequency w and a zero-frequency, or static field. It is
related in a simple way to the first-order susceptibility %{!)(w) by

- 19 _
x(z)(w;O,w) = me(l)(w). (4.24)

We employ this relation to calculate the self-consistent response i(z)(w; 0, w) directly
from the first-order self-consistent response ¥(!)(w) of the system described by (4.2)
which has been calculated in [1]. In this section, we will confine our calculation to
the two-subband approximation from the start, again labeling the excited subband

|1).

The first-order self-consistent susceptibility for a two-subband system is

_ 262N5 2 wig

1)) — _

(4.25)

By applying time-independent perturbation theory to (4.2), (again setting = 1)

we have
7}
-(%,% = ez (4.26)
(the single-particle Stark shift) and
6[0) . €z1o 3'1) __€zZ1p
3" T BT gl (221)

With these identities, and (C.1), it is straightforward to differentiate (4.21) after

some work:

18(@10)?

e O£° wioz11(1 + @11 — P11) + 2z13w10 — 2210w107Y

where v is defined in appendix C. Using the relation derived in that appendix,
2107 = z11{@1;1 — P11), along with (4.21) leads to the self-consistent Stark shift,

6&:10 €211 Wo G.'Jfo
=M1 _Z10}) 4,
350 2 (:)10 w%o ( 28)
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Now using (4.26), (4.27), and (4.28), we may differentiate (4.25), and (4.24)
giving (re-inserting k)

)2(2)(w; 0, W) = ——hz—zwzu W. (4.29)

The second harmonic ;’((2)(2w;w,w) and electro-optic effect i(z)(w; 0,w) pre-
sented in this chapter have some striking features. As mentioned earlier, they have
poles at the same frequencies as the first harmonic %(1)(w), as well as at half of
those frequencies in the case of the second harmonic. Although this is not obvious
for the full second harmonic response (4.15), calculations show that this is true,
to high numerical precision. It may be possible to prove analytically that this is
the case. The fact that the depolarization shift is the same in second order as in
first order is may be somewhat understood intuitively, by noticing that the equa-
tion governing the second-order matrix elements (4.19) is exactly the same as that
which determines the first-order matrix elements (4.16) (for ¥ = 0), with two ex-
ceptions. One exception is that the driving term efz;q is replaced by (;, which is a
sum of second-order products of the first-order matrix elements. Thus, the simple
poles in the first harmonic response give rise to second-order poles in the second
harmonic response, at the same frequencies. The other exception is that the fre-
quency w appearing in (4.19) is multiplied by two, creating simple poles at half of
the depolarization-shifted absorption frequencies of the first harmonic response.

Another feature of the second-harmonic response, in the two state approxima-
tion (4.20), is a node at the bare absorption frequency. In the single-particle limit,
@9 — wjp, this node dissapears, being absorbed by the numerator to give the
well-known single particle result.

In any real quantum well, there are scattering and dissipation mechanisms
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present. These have the effect of giving a state a finite lifetime, approximately the
time one expects before an electron “scatters,” (because of well roughness, interac-
tion with the lattice, etc.) into a state with a different momentum or energy. The ef-
fect of this is to broaden resonance peaks, and can be phenomenologically accounted
for by adding a small imaginary part to the resonance frequency: wjyg — wyg — i’
(where T is the experimentally observed half-linewidth of the resonance peak). This
prescription, applied to both the bare and dressed resonance frequencies, has been
used by Heyman et al. [25] to modify both response functions in this chapter to
include finite lifetimes, in excellent agreement with experimental lineshapes.

The well used by Heyman et al. is an asymmetric double square well, or two
narrow square wells of different widths separated by a barrier. The tunnel-splitting
between the ground states of the two wells creates two eigenstates whose energies
are about 10 meV apart, with the next two tunnel-split states having energies about
100 meV higher. Since the FEL frequencies are in the 10 meV range, the higher
states do not play a significant role, so that thier well is an effectively two-subband
system. Thus, all of our two-state calculations are not just toy models, but good
physical models in this case.

Figure 4.2 shows the experimental and calculated magnitudes of x{?)(2w,w,w).
The dashed curve is obtained from the single-particle formula. Not only are the
resonances in the wrong places (at the bare intersubband transition frequency wyyg,
and %wm), but the relative heights of the two resonance peaks are strikingly different

then those of the dressed response function.




56 CHAPTER 4. MANY.BODY EFFECTS

1.6 - T T T
1.4 ' m
’5 i i Single-particle
g2 .
g Y
S0 ki i
g b i
= 08 I ! B
2 P Experiment
2; 06 [ Y P 4
S § E Many-bod
so4 [ ;0 AN -
B c" a"‘ ‘l.-
02 [ N ]
0.0 L R e e
0.25 0.50 0.75 1.00 1.25
w/®10

Figure 4.2: Experimental and calculated response Ix(z)(2w,w,w)|. The x’s are the
experimental data points of Heyman et al. [25], with an uncertainty in the vertical
scale of approximately +50%. The solid curve is obtained from equation 4.20. The

dashed curve shows the prediction of the single-particle formula.



Chapter 5

Including Dissipation

One can understand the response of the system at finite temperatures, and/or in the
presence of energy and momentum relaxation mechanisms, using the density matrix
formulation of quantum mechanics (8, 21].

Consider an ensemble of identical systems, all described by the Hamiltonian H.
If |¢;) is a complete set of states (time-independent), then the state of a particular

system in the ensemble can be expanded as
HOIEDWAOIH2
3

If one defines the matrix p as

Pmn(t) = cnch,,
where the bar denotes averaging over the entire ensemble, then one can show that
p has many desirable properties, and is termed the density matriz of the system
described by H. The density matrix plays the role of the state vector in single-

particle quantum mechanics.

The density matrix evolves in time by the equation

g .
E = —Z[H,p],
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(setting A = 1, as will be the case throughout this chapter) analogous to the Liouville
equation in classical mechanics. The ensemble average of the expectation value of

any observable A may be obtained by

(4) = Tr(p4).

Thus, given the initial density matrix p(0), one can has a method for calculating
any of the observable properties of the ensemble in question.

From the definition of the density matrix, and its time-evolution, it follows that
p is Hermitian, and looking at (1) gives Trp = 1. In fact, from its definition it is
easy to see that the diagonal elements of p are the fractional populations of each
basis state, while the off-diagonal elements are proportional to phase correlations
between states. Of course, the elements of p depend on the choice of basis used, but
expectation values of observables are independent of basis, since the trace operation
is invariant under a change of basis.

Given two bases |{;) and |(;) related by the unitary transformation |¢;) = U|(;),
the corresponding density matrices (p in the basis |§;), and 5 in the basis |(;)) are

related by
p=UtpU.

(The dagger denotes the operator adjoint.) An important special case is when one

basis is the set of spatial eigenstates, |z). Then Uy, = £,(2), and

Poz = p(2,2) = z&n(z)f::(z’)an-

The spatial probability density of a single particle is the diagonal of this matrix,

p(2) = 3 &m(2)En(2)Pnm. (5.1)



5.1. PERTURBATION 59

The initial condition for the time-evolution of the density matrix depends on
the assumptions one is making concerning the past evolution or preparation of the
ensemble. If one assumes that the ensemble has “decorrelated,” via some scattering
mechanism (impurities, coupling to a heat bath, etc.), or that the ensemble was
otherwise prepared in a completely random manner, then a reasonable assumption
for p(0) is that it is diagonal, that is no phase correlations between states. The
diagonal elements of the initial density matrix may reflect a thermal distribution, if
one is describing a system in equilibrium coupled to a heat bath. Such is the case
with the quantum well experiments we are modeling.

A simple model for energy and momentum dissipation may be incorporated in
the density matrix formalism. Essentially, one merely “decays” the elements of p(t)
to an equilibrium p, where g is diagonal and time-independent. To this end, a
relaxation rate R,,, for each element of the density matrix is incorporated into a

tensor operator R, as

R(P)mn = Rmnpmn: (52)

and the time evolution of p(t) given by

% — 8,01~ Blp- ). (5.3)

5.1 Perturbation

Let us assume that we know the equilibrium density matrix for a system which is
described by the time-independent Hamiltonian Hy. Using the basis of eigenstates

of Hp, we have
0p .
5‘5 = —i[Ho, 7] — R(0) = 0, (5.4)
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since Hp and p are both diagonal. This is consistent with our assumption that g is
time-independent.

Now let us apply a the perturbation e£z(e~"* 4 e“t) to the system. As in
the previous chapter, we will take into account the time-dependent electric fields
generated by the time-dependent densities, up to second order, so that the effective

perturbing potential V() is

V(t) = y© + V(l)e—iut + V(D giwt + V(2)e—2|'wt + ()t 2iwt (5_5)
As before,
V(o) = 61)(0)
v = o) 4efz
vd) = §u(?),

Correspondingly, the density matrix is assumed to take on the form
p(t) = g+ 6p(t), (5.6)
where
bp(t) = Jp(o) + JP(l)e—iw! + 6p(1)feiwt + b'p(z)e"z"“" + 5p(2)teziw¢_
Given equations 4.10, 4.11, 4.4, 4.17, 4.18 and 5.1, we have
608 = 1 3" Trnnibplih,
Kl

where we have consolidated our integral notation somewhat:

4 2
Tkt = 2Ns ( e
K

Senkt + anu) . (5.7)

Now we may solve for the Fourier components of the density matrix, order by

order, by plugging equations 5.6 and 5.5 into equation 5.3. Remember, the static
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and second harmonic components of the density matrix and the potential are second
order effects of the external field.

The zero-order terms of 5.3 cancel by dint of 5.4. The first-order terms give
wp™) = [Ho, 6pM)] + [V, p] - iR(5p™1), (5.8)
and an equivalent expression for §p(1)t, Equating second-order terms gives
0 = [Ho, 6o + [V(D, ] + [V, 5o + [V, 600 — iR(6p(7))  (5.9)
for the static term, and
2w6p®) = [Ho, 6o + [V, g + (V650 — iR(p®)  (5.10)

for the second-harmonic term. Defining dnm = Pnn — Pmm and taking a matrix

element, equation 5.8 becomes
(Wmn = iRmn — w)6pLL) + Ldmn %Tmnuc?pﬁ) = —dpme€ zmn,
equation 5.9 becomes
(mn = i Ronn )P + Slmn 3 Trmntbpfy) = ~[V (), 66 — V1, 6p0)),p,
kl
and equation 5.10 becomes
(Wmn — iRmn — 2“’)6P$32: + 'lz’dmu ;Tmnklépg) = _[V(l)aﬁp(l)]mn-

Once the self-consistent stationary states and energies of the well are found, and
the relaxation rates R,,, given, the above equations may be solved numerically using
matrix inversion. The “vector” to be solved for is p,,,,, whose indices are ordered so
that one has a linear system of m - n equations. The “matrix” Tipni thus has as its

indices (mn) and (k).
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Then, the sheet susceptibilities %(!)(w), %{*)(0;w, —w) and %(*(2w;w,w) may be
easily calculated:

2™ (jw) = —eNsé:(Jw)) _ —;ﬁfs,n_zp(,-). (5.11)

This calculation has been worked out in more detail for the first-order response
by Ando [2], and in this case one gets a very pretty result. Momentarily setting
Rpn =0, let us define

Tmnkl = Tfnnkl(dnmdkl)%(wmnwkl)_%-

Note that
Praoko = (domdok)3 (@mk — Prmi)s (5.12)

from (4.22) and (4.23). These are the population-weighted depolarization shifts.
Let us also define

A(m>n)(l¢>l) = w:l6mk61d + Wnn YmnkiWki -

Here, the “single index” {m > n) denotes an ordered pair with m > n, so that the
rank of A is JN(N — 1), where N is the rank of our original density matrix.

Diagonalizing A, with a similarity transformation A = STAS, one arrives at

W) = 085
where the line broadening I' (corresponding finite lifetimes due to scattering and
dissipation) has been re-introduced. The depolarization-shifted transition frequen-
cies are simply given by @2, = /i(m>n)(m>n). The oscillator strengths are given

by

: 2

- 2m* 7

frmn = [;( 7 ﬁwktdlk) zkls(k>l)(m>n)] :
>
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Here we have re-introduced the mass m"* and fi. In the two-level approximation, one

has the simple expression for the first-order response

2Nge? wioziHA

(1)) =
X(w) &% — w? — 2wl

where we have defined A = dy; as the difference in the fractional level populations.

The depolarization-shifted absorption frequency becomes
@fp = wip(1 + o0} = wip[l + (@11 — fu1)A]. (5.13)

We see that when the equilibrium populations of the two states are equal, im-
plying very high temperatures, or large sheet density Ns, the depolarization effect
vanishes. However, the magnitude of the response is also proportional to the differ-
ence in populations.

Staying within the two-level approximation, we may readily calculate explicit
formulae for the self-consistent second-order response for multiply-filled subbands
with dissipation. Equating, as is standard convention [38], Roo = R;; = I'1 to the
intersubband relaxation rate, and Rg; = Ryg = I'; to the intrasubband relaxation

rate, then we have

wiy, — w? - 2iwT,

- _ 2 _ n 3y

V) = V&) = efzo

v - v = B Ry
210
and

o) = —AeEzp 0 wio — w — il
Fr= @2, — w? — 2iwT,

wip + w + 12 0
The zeros on the diagonal tell us that there is no first order change in the level

populations, due to the external field.
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From these matrix elements we may readily solve 5.9 and 5.10,to find 6p(® and
6p(2), Then equation 5.11 gives for second-order susceptibilities, {(in the limit where
wig,w 3 Iy, Ty):

4¢3 Ng Wi [w"’ —w? 4 %(wfo + wz)] 2%(z11 — 200)A
K? @fo (@0 — w?)? + 4w?Tf] '

2200, ~w) = -

and

3e3Ns  wi(w}, — w? — 2iwl3)2%)(211 — 200)A
B2 (0% — w? — 2iwT,)? (@, — (2w)? - 4iwly)’

20 2wi,w) =

This may be compared with 4.20, keeping in mind the depolarization-shifted reso-
nance frequency is now defined by equation 5.13, which includes the difference in
populations. The overall effect of multiply-filled subbands on the second harmonic is
again to reduce the size of the depolarization shift, and to reduce the total response
with the multiplicative factor A. The poles of the second-harmonic response are
still at the same frequency as the first-harmonic pole, and half of that frequency,
even with multiply-filled subbands.

The static shift )2("‘)(0;1.0, ~w) shows a striking feature if I'; > I';. In this case,
the sign of the shift ckanges at

I 47T
2 211 2
=YF T,

w
This occurs because, when the deccherence rate is less than the energy relaxation
rate, the states can electrons can remain in “pure” enough states so that interference
between the two wavefunctions can occur. In this case, the mean position of the
electron density is not simply the weighted sum of 25, and z;;; cross-terms must
be included. Since it is of questionable meaning to speak of an electron relaxing

coherently, it is generally assumed that I'; < IT'; [8], in which case the sign change

in the static shift will not occur.
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5.2 The Subband Filling Fractions

In the time-independent system, the equilibrium subband filling fractions are deter-
mined by the sheet density Ns and the temperature 7. When the system is driven
with a small field, we may assume that the filling fractions are perturbed from their
undriven values l;y a small amount, as calculated in the last section. In order to
calculate the undriven equilibrium filling fractions, one must integrate the Fermi
distribution in the plane for each subband. The filling fractions may be obtained by
solving for the (unique) positive root of an N*» degree polynomial, where N is the
number of subbands considered.

We start by counting electrons. Integrating the Fermi distribution in each sub-
band, weighted by the density of states, and summing over all subbands gives us

the total number of electrons, n.:

= d RS N S— 14
=3, gy (534)
where p is the chemical potential, and must be determined. Since each subband

corresponds to a two-dimensional free electron gas, we have
P(E)dE = P(k)2rkdk,

where k is the momentum in the plane, and k = |k|. We may imagine the gas to
reside in a large box with sides of length L, and with periodic boundary conditions,
so that k; = 2rn/L, where n is an integer, and there is a similar quantization in
the y-direction. Then the 2-D states are spaced 2r/L apart in k-space. Since we

have two possible spin orientation for each spatial quantum number, this gives

pw=3(L).
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And since E(k) = £%k?/2m*, we then have

m*L?

P(E)__' ﬁi—’

the well-known constant 2-D energy density of states. With this density of states,

equation 5.14 may be integrated exactly to give

_ Te _ m.kBT —(Bj~u)/kpT
Ns—ﬁ——wﬁ—z—%:m0+e s=w)/ksT) (5.15)

The population of each subband is

*kpT .
Ny = Ty (14 -t

and the only thing we need to know now is the chemical potential . Multiplying

both sides of 5.15 by 72 /m*kpT, exponentiating both sides, and defining

r= eﬂh’Ng/m'kBT’ -9j = e"En/kBT, u= ep/kBT’

gives us
T= H(l + sju).
i
This is a polynomial equation in u, with a unique positive solution, providing us
with the chemical potential u.
These filling fractions may be used as the diagonal equilibrium density matrix,

Pii = Nj/Ns.

For the case of two subbands, the filling factors may be explicitly solved for, and

one finds the excited subband to have the fractional population

weem((CF) en-122),
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where s = s, /39. We may write » and s as

r= ea/'r, g = e—l/-r,

where o and 7 are the reduced sheet densities and temperatures, defined by

_ whNsg r= kgT
mrwio’ funo’

The reduced density o is defined such that 0 = 1 when the electronic filling in the
ground subband just reaches the bottom of the excited subband, at 7" = 0.
A plot of N1/Ng as a function of the reduced temperature at several values of

the reduced density, when only two subbands are considered, is shown in figure 5.1.
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Figure 5.1: Excited subband filling fraction as a function of the reduced temperature

at several values of the reduced density.



Chapter 6

Nonperturbative Effects

We have approached the quantum mechanical system in several ways so far. The
Floquet basis provided us with a useful time-dependent basis, whose quasienergy
spectrum gave insight into the response of the system as a function of drive am-
plitude. In the chapters that followed, we derived first and second order response
functions, which included the effects of many-body interactions, relaxation, and
multiply-filled subbands. The well-defined response function owes its usefulness to
its history-independence, due to its definition in terms of an adiabatic turning-on of
the external field. However, adiabatically turning on the field is a problematic con-
cept when the final drive amplitude is nonperturbative in strength, as was discussed
in chapter 3. For strong drive amplitudes, there is a natural history-dependence due
to the presence of avoided crossings in the quasienergy spectrum, and one might
ask, “Is there a well-defined response of a quantum mechanical system which one
can find for arbitrary driving fields?”

Without dissipation, it appears that the answer to this question is no, considering
our discussion so far. However, we shall see in this chapter that there is a concept
from classical mechanics, the Poincaré section, which will describe all of the system’s

history-dependence in a picture. A picture is worth an infinity of histories. In

69
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this chapter, we will confine our study to the two-state, or two-subband system.
The concepts presented here are completely generalizable to a larger number of
states, however not as presentable on a two-dimensional sheet of paper. We shall
see that when one includes many-body effects in the way we have been thus far,
one arrives at a nonlinear set of equations of motion which exhibit chaos. This is of
course an approximation to the true linear quantum-mechanical equations of motion,
however it implies complicated response to the driving field. Not only is there
history-dependence, but there is also sensitive history dependence, in the sense of
exponentially diverging phase-space trajectories, as is typical in driven Hamiltonian
systems. Although driven dissipative systems can also display chaos, typically in
the form of strange attractors, actual quantum wells have enough dissipation to
collapse the dynamics to a small number of non-chaotic attractors which are simple
closed orbits. A typical response might show hysteresis, as the system jumps from
one basin of attraction to another, however the small number of fixed points allows
us to describe those fixed points, as a function of the external drive parameter, to

be the multi-valued response function of the system!.

6.1 A True Quantum Phase Space

Let us view the dynamics of the quantum system in a slightly different light now.
Since Schrédinger’s equation is first-order in time, knowledge of the state vector at

any time completely determines the future evolution of the system. Measurement

'If one waits long encugh in a physical system, one might expect it to tunnel, via interactions
with its environment, to a single global attractor. The time for this tunneling is not known, however,
and there is no reason to expect that hysteretic behavior will not be observable in quantum well

experiments.
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of the electrons’ motion (via emission of classical EM fields) does not interfere with
the quantum evolution as governed by Schrédinger’s equation.

The Hamiltonian under consideration depends explicitly on time in a periodic
fashion. Thus, the dynamical phase space in which the state-vector evolves is time-
periodic, and a Poincaré section of the system (taking the “cut” to be in time) will
give all of the topological information of the dynamical flow.

Consider a two-state system. The state vector contains two complex quantities,

~16p
sy=| " |,

rpe=if

with the normalization constraint 73 + % = 1, and the fact that the overall phase of
the state vector is not observable allows us one more constraint, e.g. 8p = 0. Thus

our state vector has only two real degrees of freedom, which we may define as

A =121,

and

0500—01.

Therefore the phase space of the dynamical system governed by Schrédinger’s equa-
tion is three-dimensional: A, 8, and ¢. Actually, the equations of motion take on
a rather nice form if we replace 8 by a complez variable, whose real and imaginary
parts are obviously not independent of one another! The motivation for this will

become even clearer later, when we introduce dissipation. Let
P1o = %V 1- Aze—-iﬁ. (61)

(This nomenclature makes the obvious connection with the density matrix.) Then

one may check that Schrodinger’s equation, including the self-consistent Coulomb
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potential but neglecting exchange-correlation, becomes (see appendix D)

f10 ~1{wyo + (Vi0) p10 — iVi0A,
A = 4VieImpy

(6.2)

where { = (211 ~ 200)/ 210, and
va = 88210 sin wi + Q1110 [Repm - %C(A - A)] .

Here, a;; is the standard depolarization shift integral (equation 4.22), and A is
the equilibrium value of A, before the driving field is introduced. (The off-diagonal
P10 = 0, since 5 is time-independent.) We have set i = 1, as will be the case

throughout this chapter.

6.2 The Single-Particle Case

Evolving these equations in time for several selected initial states, we may sample
every drive cycle and plot out the (6, A) Poincaré section. For the single particle
case (a11 = 0), we see in figure 6.1 sections at several different drive amplitudes,
wp = efzo for the case w = 0.33wyo, and { = 0. The first plot shows zero drive,
where the populations don’t change, but the phase difference rotates with time,
so that the Poincaré section consists of horizontal lines. The other three plots
correspond to values of drive which are before, on and after the first avoided crossing
shown in figure 3.4. For any finite drive amplitude, two fixed points appear, and the
invariant surfaces bend into curves: regular motion of the state trajectories oscillates
about each fixed point, and also circulates between them. The equations of motion
are completely linear, so there are no chaotic trajectories.

Each fixed point is a Floquet state. The Poincaré mapping is area conserving,

and therefore the Floquet states are marginally stable. All of the history-dependence
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Figure 6.1: Poincaré sections of the driven single-particle two-state system.
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of the system for a given value of drive amplitude is encapsulated in the Poincaré
section, merely selecting an initial value and therefore a trajectory which is sampled
by the section. Notice that at the value of drive which corresponds to an avoided
crossing, the phase space develops massive vertical structures, and a new symmetry
develops between the two fixed points. After an avoided crossing, the two fixed
points swap places in the phase space, corresponding to the swapping of the Floquet

states after an avoided crossing.

6.3 The Many-Particle Case

Now let us introduce many-body effects, by setting ay1 > 0. This introduces nonlin-
earities into the dynamics, as we already know. The upshot of this is dissipationless
chaos in the phase space. This can be seen readily in figure 6.2, where we have set
31 = 1.0, and are again driving at frequency w = 0.33w;e.

This phase portrait shows all of the generic features of dissipationless chaos,
including harmonic and subharmonic resonances surrounded by islands of regular
motion, interlaced with chaotic trajectories. Now the past history of the system
can place the system into a dynamically regular trajectory, or a chaotic trajec-
tory. Subharmonic generation is possible also, if one begins on a regular trajectory
surrounding an m : n resonance. The dipole response of the system is shown in
figure 6.3, given the two initial conditions A and B shown in the figure 6.2.

Thus we have the possibility of very interesting behavior arising from our system,
due to many-body interactions. In order to realize such a system experimentally,
however, the dissipation channels would have to be seriously suppressed in order to

make our dissipationless approximation a useful one. Doing a time-resoclved mea-
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Figure 6.2: A Poincaré section of the driven many-body two-state system, at wp =
0.9(010.
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Figure 6.3: The dipole response of the system shown in figure 6.2, given the initial

conditions A and B shown in that figure.
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surement on time scales much less than a typical scattering time, one might be able

to notice a preparation-dependent response.

6.4 Including Relaxation

Now we will introduce relaxation mechanisms into the system, in the way we did
in the previous chapter. For this we will again employ the density matrix, and now
instead of considering the time-evolution of the state vector under Schrédinger’s
equation, we will consider the time-evolution of the density matrix under the Li-
ouville equation. Again, considering a two-state system, we see that the density
matrix now contains three independent real quantities, since it is Hermitian, and

has unit trace. We will now choose those quantities to be the real variable

A = poo — p11,

and the complex off-diagonal element of the density matrix pyo. In the absence of
dissipation mechanisms, these quantities become exactly what they were defined to
be in the last section. Introducing dissipation as in equation 5.3, with Rgp = Ry; =

T, and Rg; = Ry = I'y, one finds that the damped Liouville equation becomes

=i (w10 + (V10) P10 — iV10A - T'2p10,
4V101mp10 - 1‘1(A - B)

P10
A

This should be compared with 6.2, and we see that the effect of dissipation on the
variables we have chosen is to add a simple linear damping term to each. Now, the
real and imaginary parts of p;o are independent, i.e. equation 6.1 no longer holds.
Thus, we have a four dimensional phase space: A, the phase and magnitude of p;q,

and {.
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With dissipation, the marginally stable fixed points of the Poincaré map become
truly stable sinks. Any initial condition will evolve into some sink, corresponding to
a trajectory which can be thought of as the response of the system to the external
drive. Since there is in general more than one sink, there may be more than one
response, and we may think of the system as having a multi-valued response function.
This may manifests itself as a hysteretic response, if one sweeps through a driving
parameter, as the system hops from one stable fixed point to another. An example of
this is seen in figure 6.4, where the real part of the conductivity o,.(w) « w(z(w))/wp
is plotted as a function of w. The system parameters are: depolarization shift
11 = 1.0, damping 'y = 0.001wyp, and I's = 0.025w,5. Two cases are shown, the
limiting case as wp — 0, and a finite field case, where wp = 0.01wyg. The frequency
is swept through slowly in each case, letting the system relax to its fixed response and
then changing the frequency by a small amount. The iow field response shows the
standard perturbative resonance behavior. For the larger driving field, the frequency
is swept both forwards and backwards, revealing the hysteretic response. For most
values of w in the high field case there is only one stable phase space trajectory,
except in the hysteretic region, where there appears another stable trajectory and

also an unstable one, which of course is not found by the system’s time evolution.
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Figure 6.4: The real part of the conductivity 0,.(w) of the damped two-state many-

body system as a function of frequency, swept through slowly in both directions.

Two drive amplitudes are shown. In the high amplitude case, we see hysteretic

behavior.
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Chapter 7

Time-Periodic Kohn-Sham

In this chapter, we will describe another explicitly time-dependent method for solv-
ing for the dynamics of the driven many-body system described by equation 4.2.
In previous chapters, we have calculated perturbative response functions, assuming
low driving amplitudes, and a method for calculating nonperturbative responses us-
ing the density matrix formalism. The method described here uses the Schrédinger
formalism, and takes advantage of the properties of Floquet states. It is a special
case of time-dependent density functional theory [34], when we restrict ourselves to
densities which are periodic in time.

The solution to the full N-body Schrédinger equation

. a‘P - oy —» — — —»
Zhﬁ = H(pla'~~’pN77'13--‘aTN:t)‘I’("'I)---:TN’t)v

with initial condition ¥(¢ = 0) = ¥y, corresponds to a stationary point of the action
integral
5% e B
A= j; dt (¥(1)] (H(1) - ihg) [¥(1))
0
(where we have suppressed the codrdinate-dependence of ¥). Time-dependent den-
sity functional theory proves that the there is a one-to-one correspondence between

81
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the density n(7,t) and the external potential! v(,t), up to an additive potential

that only depends on time. (This additive potential only produces an overall phase

factor in the wavefunction which does not change the density.) It follows that the

wavefunctions are functionals of the density, and so is the action A = A[n).
Solving for a stationary point of A,

4] _

én 0
gives [24]
L0 _ | R, / o n(7t) | 6An)] .
ih—1 = 2mV +o(Ft) +e [ dr e +6n('f",t) (7, 1). (7.1)

The terms on the right-hand side are just the terms one expects, including the

Coulomb potential from the electronic density, which is given by

N
n(F: t) = "wj('?’ t)lz-
1

The very last term in brackets in (7.1) is the time-dependent exchange-correlation
term. It is guaranteed to exist, but there is in general no explicit exact form for it,
and we must settle for an approximation when performing calculations.

We restrict ourselves here to only calculating time-periodic densities. Remember,
Floquet’s theorem tells us that the wavefunctions describing a periodically driven
system can be expanded in a time-dependent orthonormal basis called the Floquet
states, of the form

lips(2)) = e3*/Puy(2)), (7.2)
where u;(7,t + T) = uj(,t) is a time-periodic function with the same period 7' as

the driving field, and €; is the so-called “quasienergy” associated with the Floquet

1The only constraint on the external potential is that it be Taylor-expandable about some finite

time 2o, with a non-zero radius of convergence,
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state with quantum number j. Floquet states are eigenstates of the one-period

time-evolution propagator P,

Plii(0)) = e~ T/ pi(0)), (7.3)

and have time-periodic expectation values for any observable O, {¢;(t)|0[w;(t)), if
[0,t]=0.

Assuming the external potential is periodic in time, and restricting ourselves to
the many-body Floquet states, we prove (for reasonably localized wavefunctions)

that the time-averaged expectation value of the energy

(BN =3 [ asoim@le0) (7.4)

is bounded from below. (The integrand of (7.4) is periodic in time, because of
(7.2)). It follows that there exists a wavefunction with a time-periodic density
which minimizes the mean energy. Let us break up the external potential into a

static confining potential and the external driving field:
v(F, t) = W(7) + Vi(7,¢).
Then,
(EB) = = / dt f Pry ... e (O, - -, P ) Hol@(Fy - - o 7y 2))
+,.Z} = L dt _[ By ... Pry o, ... OPVLEL Y. (15)

Here, we have written out the N-electron wavefunction in its full codrdinate repre-

sentation, and have written the time-independent part of the Hamiltonian as Hy:

Hy = f: [—ﬁV"‘ + W(r,)] +3ey ———

i=t i 1T ’J'
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Since {p|Hg|y) is bounded below by the ground state energy of Hy, the first term
on the righthand side of (7.5) is also bounded below by this ground state energy.
Now we only need to show that the second term on the righthand side of (7.5) is

bounded from below. If we restrict ourselves to confined systems, so that
e(F1,...,FN,1)=0 if |Fj] >aforany 1 <5< N,

then we have our sought-after lower bound if Vz(#},1) is reasonably well behaved.

That is, if there exists a finite A such that
Vo(7,t) > A if |[F] < a, for all .

This is indeed the case for the classical radiation field, even in the electric dipole
approximation.

The method described in this chapter is a numerical scheme for computing the
self-consistent Floquet subband in a quantum well which minimizes the mean en-
ergy, assuming that only a single Floquet subband is occupied. By using the mean
energy instead of the quasienergy to label Floquet states, we avoid the pitfall of
contending with a quasienergy spectrum which is unbounded from below. One
expects this scheme to reproduce the perturbative response for low driving fields,
and so in section 7.2 we compute the first and second-harmonic susceptibility of a
doped, tilted square well at far-infrared frequencies. For low driving fields, the sus-
ceptibility computed using self-consistent Floquet states agrees with the results of
time-dépendent perturbation theory. The depolarization shift is implicit in this ex-
plicitly time-dependent method; it is not necessary to compute the shift separately,

as we did in chapter 4.
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7.1 The Numerical Method

We use a one-dimensional spatial model, assuming translational symmetry in the
plane perpendicular to the growth direction of the GaAs/AlGaAs. The growth
direction is taken to be parallel to the z-axis. The design potential, defined by the
valence band as a function of 2, is W(z). We assume planar doping sites, whose
z-coordinates are given by 23,...,2,,. The corresponding donor sheet densities at
each site are Ny,...,Ny,. The total electronic sheet density in the valence band,
assuming all donors to be ionized, is then Ng = 2;-‘;1 N;. We assume all of the
carriers to be confined within the region |z| < a, i.e. hard wall boundary conditions
at z = +a. The time dependent Schrédinger equation (including the external laser
field) is given by equation 4.2. Again, this equation has a limited domain of validity,
and the reader is advised to review the discussion which follows it.

We perform all calculations on a m, by m, grid, explicitly including time as an
extra dimension. Typically, the spatial grid size m, is between 50 and 100, giving a
resolution on the order of one to ten Angstroms. The temporal grid size m, is on the
order of thousands or tens of thousands, and covers one drive period. Subharmonic
behavior can be studied by propagating over more than one drive cycle, but this is
not done here.

The modeling proceeds as follows:

e We perform time independent Kohn-Sham iteration on a 1-D lattice of size
m.. The self-consistent potential obtained from this calculation is used as the
starting potential for the time dependent iteration, i.e. we let v(z,t) = v(z)

from the time independent calculation.

e Then we repeat the following steps:
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1. Integrate the Schrédinger equation (3.1) to find the one period propagator
P (Poincaré map), using the latest guess for the time periodic potential

v(z,t). We propagate each time step using a Crank-Nicholson method.

2. Diagonalize P to find the Floquet states, (equation 7.3). Here, we assume
that only one Floquet state is occupied (ignoring the z and y quantum
numbers.) We further assume that this state is identified by having the
lowest time-averaged expected energy, {{E)) = + IT dt{w|H]p), and call

this state ¢p.

3. Calculate a new interaction potential v'(z, t) using equation (4.5), and the
density n(z,t) = Ns|@o(z,t)|?, and replace the old potential:

v(z,t) « V(z,1).

Steps 1-3 are repeated until the interaction potential v(z,t) converges sufficiently?.
Time dependent properties of the system can then be calculated by propagating the
Floquet state ¢ through its self-consistent potential3.

The procedure outlined above is not always convergent, i.e. the fixed point of the
iteration is not always stable. This is an artifact of the procedure, not of physics. In
most cases the unstable manifold is of a low enough dimension that the fixed point
may be approached by “backtracking” in the case of a divergent iteration. That
is, a few iterates are used to estimate the unstable manifold, and then to deduce

the position of the fixed point on this manifold. This method is given in detail in

*If the desired electric field E; is not small, it helps to increase E; from zero in small increments,
letting v(z, 1) converge for each increment. This roughly models turning on the field slowly, as well

as helping to improve the convergence of the iterative process.
3This model overcomes the shortcomings of the model of Birnir et al. [7], who interlaced a

Hartree iteration with each time iteration. Here the whole Poincaré map over one period is Hartree

iterated until it becomes self-consistent in space and time.
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appendix F. In the case of small driving amplitudes we show in appendix E the
necessary and sufficient condition for stability. We also show in the near-resonance
approximation that for each Fourier mode of the interaction potential, the unstable

manifold is only one-dimensional, if it exists.

7.2 Checking with Perturbation Theory

As a simple first example, we compute the first and second-harmonic susceptibility of
a doped, tilted, infinite square well driven by far-infrared radiation. The parameter
values were chosen to be realistic and accessible to experiments on GaAs/AlGaAs
quantum wells: width 2a = 400 A, dielectric constant x = 13, electronic effective
mass p = m./15 where m, is the bare electron mass, and carrier density Ns =
10''cm™~2, In order to give the system an appreciable second harmonic, the potential

was given an overall tilt:

2| 2 a

oo,

W(z) + Vy(z) =
(0.056meV/A)-z, |z|<a

The susceptibilities were computed for a range of far-infrared frequencies, at a very
small drive-field strength £ = 10~3 statV/cm.

For each parameter value, the iterations were continued until the response had
sufficiently converged. The resulting Floquet state was propagated through one
drive cycle, and the dipole P(t) = (ez(t)) was recorded at each time step. The
Fourier transform P(w) was then used to calculate the susceptibilities x(D(w) =
2P(w)Ns/E, and x| w) = 4P(2w)Ns/E2. The factors of two and four come from
the fact that we are using cos(wt) driving instead of exp(iwt). Plotted in figure 7.1

are x(1) and x(?). The lines represent the dressed susceptibilities calculated using
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Figure 7.1: The first and second-harmonic susceptibilities x(!)(w) (solid line) and
x¥)(w) (dashed line) for the doped tilted infinite square well, calculated from per-

turbation theory. The dots and circles represent the calculations from our model.

self-consistent perturbation theory applied to the wave functions of the undriven
system calculated using the same simulation parameters on a grid of size m,. The

points are the susceptibilities calculated from our model.

The first-order response has a pole at the depolarization shifted frequency @;o =~
97.5 cm™!, representing a dressed transition from the ground to first excited state [1].
The second-order response has a simple pole at %Elm, and a second-order pole at @,
as expected from perturbation theory. figure 7.1 also shows x{2) to have a simple

pole at %(:)20 ~ 112 cm™?!, where @y is the dressed transition frequency from the

ground to second excited state.

As one expects, our nonperturbative method agrees with perturbation theory for
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sufficiently small fields, with discrepancies attributable to finite temporal resolution
my, and higher-order corrections to the response functions which our model picks up.
Since the periodic oscillations of v(z,t) are included from the beginning, absorption
occurs at the depolarization-shifted frequency - it is not necessary to compute the

shift separately.

7.3 Conclusion

In chapter 3, we used single particle Floquet states to model a GaAs/AlGaAs quan-
tum well driven by very intense far-infrared radiation [6]. We found nonperturba-
tive resonances in energy absorption as a function of the electric field amplitude at
fixed frequency, and showed that these resonances occurred at avoided crossings of
quasienergies. Birnir, Johnson and Gudmundsson [7] incorporated electron-electron
interactions into Floquet theory by interlacing time iterations with Kohn-Sham it-
erations and indeed cbserved nonperturbative resonances. The model presented in
this chapter is on a firmer footing, in that the Kohn-Sham iteration is performed on
the entire Poincaré map, and thus eliminates the question of relaxation time scales

which determine the validity of the method of interlacing,.

At large field strengths one expects, for example, avoided crossings of quasiener-
gies. However, new issues arise at nonperturbative field strengths. For example,
several Floquet states may be significantly occupied. If is not clear that there ex-
ists a universal distribution, such as the Fermi distribution, which describes the
population of a driven system coupled to a heat bath. In fact, the steady-state
characteristics of driven systems may depend on the exact nature of the coupling

to the energy reservoir [20], which runs counter to the arguments made in standard
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statistical mechanics of closed systems.

We have assumed that the physical system will relax to a the state which min-
imizes the time-averaged energy. This is an unproven, but reasonable, assumption.
One must also be aware that this method may easily converge to a local, and not
a global, minimum in mean energy. This is consistent with the hysteretic behavior
found in the last chapter, but it brings to mind the possibility that the physical
system would eventually tunnel, through interaction with its external environment,
to a different local minimum. The time scale for this tunneling is not known. If
it is much longer than a typical experiment, one would still expect to find history-
dependent dynamics. In the long time limit, if a dynamic equilibrium exists, one of

course expects no history dependence to remain.



Chapter 8

Conclusions and Questions

We have explored several methods for modeling quantum wells, and have included
the effects of strong driving, electron-electron interactions, and a simple form of
dissipation. Certainly the models presented thus far have a range of validity, as
they have been useful for modeling experiments at UCSB. However, it would be
useful to know what the range of validity is for these models, and to know what
must be done to extend this range.

A confirmation of the validity of any model is a first-principles treatment, such
as quantum Monte-Carlo. I will leave this for future work. Certainly, more can be
done within the Schrodinger and density-matrix formalism. In this final chapter,
we will look at the dissipation and scattering mechanisms in more detail, since they
are crucial to pin down, if we are to understand the steady-state dynamics of the
system, or lack thereof.

One problem with the dissipation mechanism such as the one used in equation
5.3, is that it assumes the system is always trying to relax to an incoherent popu-
lation of the stationary states of the undriven system. But these states no longer
have any meaning to the driven system, except when the driving field is small and

so perturbation theory can be used.
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The natural replacements for stationary states are the Floquet states, when the
system is driven periodically. But what role do the quasienergies play? how do
they relate to the energies in the driven, and undriven system? One reason that
quasienergies are so troublesome is that they are only defined modulo one photon
energy. Even in the extended Hilbert space formalism, where the “photon number”
becomes an important quantum number, we face a spectrum of eigenvalues which
is unbounded from below. Any attempt at calculating statistics of states with such

a spectrum would seem fruitless.

At this point, it is good to look back at our model Hamiltonian (1.2), and give
it a scrutinizing eye. When using that Hamiltonian in Schrédinger’s equation, we
have quantized the system, but not the radiation field. Certainly, this is a fine
approximation for most cases, but as a result of using this approximation from the
start, we have been left with the quasienergy spectrum, unbounded from below, and

are at a loss to interpret it.

The true quantized radiation field has a ground state, that of zero photons, and
thus the coupled system-plus-field has a ground state. We expect that in the limit of
high photon numbers, then, the coupled system will have energies spaced a photon
energy apart, and take on the appearance of our quasienergy spectrum. But far
below in energy, there will lie a ground state. If this is true, we have certainly
interpreted the quasienergies as the “classical radiation field” approximation to the
eigenvalue spectrum of the coupled system and quantized radiation field. Let us

look at some examples, to demonstrate this!.

!The identification of Floguet states with cigenstates of the fully quantised system coupled

radiation field, was made by Shirley [36].
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8.1 Quantizing the Radiation Field

In order to quantize the radiation field, we consider each mode of light (wavevector
and polarization) to be a modeled by a single harmonic oscillator [31, 4]. The
number of photons in a mode corresponds to the state of the oscillator, the ground
state representing zero photons in that mode. The Hamiltonian of the radiation

field is then

2M

-

2
Hp=), (ﬁ + %sz-fo-) ) (8.1)
EX
where we have created a cotrdinate system and arbitrarily choosen a mass M for
each oscillator, and in a vacuum the frequencies are given by the dispersion relation
wpx = c|k|, where c is the speed of light in a vacuum. The sum runs over all

wavevectors k and polarizations X. It is useful to second-quantize (8.1), with the

lowering and raising operators b;; and b}EX:

Hr=Y tugs (bhebes + 1) - (8.2)

Notice that the zero-point energy of each harmonic oscillator, %MES" These terms
will sum to infinity, but this infinite energy is merely an additive constant and may
be subtracted from the Hamiltonian?.

The final piece of the system-plus-radiation Hamiltonian is the interaction term

coupling the undriven system to the radiation. This is well known, [31, 4] and is

2The zero-point energy becomes important in general relativity, where the absolute energy den-

sity is a key physical quantity.
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given by
Z'Kh - - - Ve 1,
Hy=—e — Z:A: (7 - Mogg + 7z - Xbl) (8.3)
where
+ 1 P ki, ki P
e= (e ),

V is the volume of radiative cavity, and m*, 5, and 7 are the effective mass, momen-
tum operator, and position operator, respectively, in the sytsem which is coupled to
the light. Let us only consider one mode of radiation, since we are considering the
field to be polarized monochromatic light. Thus, we will keep only a single term in
(8.2), and drop the fé, X subscripts. The system may radiate in other modes, but we

will not quantize those modes. The radiation Hamiltonian becomes simply
Hp = hwb'b,

where we have subtracted out the zero-point energy %hw, and the interaction Hamil-

Hy = ey 2% (jLib+ i)

jk:%(%e—ikz_i_e—ikz%)’

tonian becomes
where

and we have used the fact that the light is polarized in the system’s z codrdinate.
One further approximation must be made in order that our quantized radiation field
correspond to the classical term (1.1). This term is the classical field in the electric
dipole approximation, where we assume that the system length is much smaller than
the radiation wavelength 2xr/k. We then make the approximation that e~*% ~ 1,

so that the interaction term takes on the simple form

e [27h
= — - t
Hi= “‘/w p:{b + b'). (8.4)
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The total Hamiltonian is
H=Hgs+ Hgp + Hy, (8.5)

where Hg is the Hamiltonian of the undriven system. Equation 8.5 replaces equation
1.2.
As an example, let us again consider the two-state system in section 3.4. The

undriven system is represented as

L -1 0
Hs = shwyo )
0 1
and has eigenstates
1 0
|€o) = » &) =
0 1

The radiation field has harmonic oscillator eigenstates, which we will represent as
[m}:

Hp|m) = mhw|m).

If we work in the product-space of the the spaces spanned by [£,) and |m), the

eigenstates of Hg, and define a new set of states by
In, m) = |éa) ® [m),
which are the eigenstates of the uncoupled Hamiltonian of the system and radiation
(Hs + Hg)|n,m) = Eqm|n, m),

where

Eom = B, + mhw,
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and By = -FEp = %hwm. The momentum operator p, for the two state system may

be represented as
0 —1i
P: = P1o
i 0
Using this, our interaction Hamiltonian (8.4) can be written
0 i
Hy = hw; (b + bf).
-1 0

Here we have compressed all of the constants into the interaction energy fwy,

_ ep1o / 2r
wr = m* “—MV. (8-6)

With this interaction, in the |n,m) basis, our coupled Hamiltonian (8.5) may be

represented as

( —%wm 0 0 iwy 0 )
0 3wio —iwy 0
0 Wy w-— %wlo 0 0 iV2w;
H=h| —dwy 0 0  w+iwe -—ivZwy 0
0 W2wr 2w - Lweo 0
—iv 2wy 0 0 2w + Lwie
| 0 )
(8.7)

Here we have used the well-known property of the raising and lowering operators,
bjm) = vmlm — 1), btm) = vVm+ Ljm+ 1).
We wish to digonalize (8.7) exactly,

Hl‘Pﬂm) = eﬂml(an>3
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Figure 8.1: The energy eigenvalues, modulo fiw, of the coupled two-state system
and radation field, as a function of the square root of the photon number m. The
interaction strength has been adjusted so that the horizontal scale matches that of

figure 3.4.

to find the energy eigenvalues e,m. To find a very large range of eigenvalues, we will
sweep a large “window” across H by diagonalizing only a reasonably large submatrix
H,, at a time, where H,, is centered on the m-photon elements in the diagonal of H.
We can assume that the central eigenvalues of H,, are reasonably accurate. We will
plot these energies as a function of y/m, since the magnitude of the classical electric
field £ is proportional to /m. Picking a small coupling w; < wyg, and w = 0.33wy0,
figure 8.1 shows the coupled two-state system and radiation field energy eigenvalues,
modulo fuw, as a function of the /m. Comparing with figure 3.4, there is no doubt

we have found the quasienergy spectrum.
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8.2 The Rotating Wave Approximation

In order to check an exactly soluble case, we may approximate the interaction term

H; in the following way. Noting that

. o 1) | '
Pz = tho = 11’10(01 —a ),
-1 0

where a and a! are the lowering and raising operators for the two-state system,

the interaction term can be written
Hy = ihuwy (ab +abt —atb -~ afb*) .

If we keep only the abt and atb terms, we make what is known as the rotating wave
approzimation. It has this name because it corresponds to, in the classical-field case,
splitting the linearly polarized light into a sum of two terms, each circularly polar-
ized in opposite directions, then keeping only one of the circularly polarized terms.

Making this approximation, the total Hamiltonian takes on the block-diagonal form

( ——%wm 0 0 0 O \
0 %wm —twr 0
0 Wy w-— %wm 0 0 0
HRWA-R] 9 0 0  wlwp —iv2wr 0
0 iV2wr 2w — lwyg 0
0 0 0 2w + Lwig
0
\

('s.s)
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which may be trivially diagonalized. If we name the two-by-two blocks down the

diagonal of HRWA a5

mw + tw —ivm + lw;
Hnp=Hh 7710 , (8.9)

Wwm+lwr (m+ 1w - twp

then we have for each block the pair of eigenvalues given by
det(Hp, —€) = 0,

whose solution is

ex = (m+ ) hw £ Hhyf(wio - w)? + 4(m + 1w, (8.10)

This may be compared with the quasienergies of the classically driven two-state
system in the rotating wave approximation. This is obtained by taking the Hamil-
tonian (3.9), with { = 0, and splitting the driving term into a rotating and a coun-
terrotating field:

0 —ie™t 0 et
Vi(t) = 3hwp _ + . (8.11)
ie~twt 0 —~ieWwt 0
The second term in the curly brackets is dropped in the RWA. The quasienergies
and Floquet states of (3.9) under this approximation may be found exactly (See

appendix G). The quasienergies are

e5? = mhw £ 1hy/(wio - w)? + wh  (mod hw).
Compating with (8.10), we see that the classical correspondence is

wd = dmuwi. (8.12)
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{Where we have let m + 1 — m in the limit of large m.) Using the definitions of wp

(3.10) and wy (8.6), equation 8.12 gives

&£ _hm (_2&)’
8t wV \m*z0/

This is the classical energy density in the field, and is proportional to the number
of photons m per unit volume, as we expect.
In order to recover the time-dependence of the Floquet states which we expect
in a driven system, one can assume the state of the photon field to be initially a
coherent superposition of pure photon eigenstates
il e a™
|a) = e~ 2=l Eom!m).
Here, « is any complex number. The coherent states have a Poisson distribution
over photon eigenstates, with mean value (m) = |a|?, and width Am = |¢|. The
complex phase of a determines the phase of the corresponding classical drive in the
limit as (m) — oco. Also in this limit, the quantum fields gives the correct classical

sinusoidal behavior [36].

8.3 An Open Question

The form of dissipation used in this work has been the very simple relaxation oper-
ator (5.2) introduced in chapter 5. This operator is not just empirically motivated;
one can deduce its form from physical arguments [8]. It would be most satisfying
to have a form of dissipation derived from a detailed physical model. Indeed, this
has been accomplished by Caldeira and Leggett [14]. By coupling a single particle
system to a bath of harmonic oscillators, through a linear coupling term, they were

able to derive in the end a density matrix equation of motion which only involved
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the system (bath variables were integrated out). Their model assumes that the
system couples with phonons of virtually all frequencies (their upper cut-off in fre-
quency is mildly enforced, and taken to infinity when it will allow an integral to be
solved explicitly). Their derivation for a general damped system was valid only in
the high-temperature limit, but we may also write down an explicit solution of their
model in the zero temperature case. This is done in appendix H. There, we also
apply the zero-temperature formula to the two state system, and compare it with
the dissipation used in this work. In this case, we see that the phonon model cannot
capture the two relaxation time scales which we use in our two-state calculations.
But it is satisfying to derive a similar form to the dissipation we are using from a
first-principies model.

Our ability to charactarize and understand the dynamics of strongly driven quan-
tum systems depends on our understanding of the coupling of such systems to their
environment. I believe that a superior model of a periodically driven system coupled
to an external environment can be derived in terms of single-particle Floquet states.
As was shown in the last section, Floquet states are the correct eigenstates of a
system coupled to the radiation field. The obvious next step would be to derive a
dynamic equilibrium distribution over Floquet states. As far as I know, this has not
been yet accomplished. It stands as an open problem to be solved, when (if at all)

such a distribution exists, and if so, what it is.
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Appendix A
The Adiabatic Limit

When one prepares a finite-state system in an energy eigenstate |§) with energy
E, and then ramps up the electric field £ in the potential (1.1) slowly, the system
will “adiabatically” remain in one Floquet state ) whose associated quasienergy
began at € = E (mod fw) when £ = 0, and changes continuously as a function
of £. Using the extended Hilbert space formalism (see section E.1), we may easily
derive a first-order differential equation in £ for Floquet states and their associated
quasienergies. Since we have an initial condition for each, |p(€ = 0)) = |£} and
g(€ = 0) = E, their values are uniquely defined for all drive amplitudes.

The extended Hilbert space formalism re-casts Schrédinger’s equation as an

eigenvalue problem,
(B - ih§) unu(2:t) = Emmu(z, 1),

with v being the photon index associated with each representative of the quasienergy,
(see equations 3.3 and 3.4), so that the physical Floquet state is v — independent.
Notice that our index notation will change as we ramp through each avoided crossing
adiabatically, by our (physically motivated) convention of labeling the Floquet states

and quasienergies as if the quasienergy lines had crossed. Thus, to avoid confusion,
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we will use a different index scheme in this appendix. Each Floquet state and
quasienergy will be labeled by the eigenstate and energy they adiabatically evolve

from.

First-order perturbation theory, in its time-independent form, may be applied
to the states un,(2,t), with the inner product given in section E.1. Thus, if we
are at some field value £, and we change the electric field by 6€, we change the

Hamiltonian by

§H(z,t) = eb€zsinwt.

This change in the quasienergy is then
beny = {{uny|§H(z,t)|unu}),

implying

Oeny

(i1

T -]
= ({tny|ez sin wi|un,)) = elf dt sinwtf dz z|un |2
T 0 —o0o

Since |upy(2,t)|> = |dnu(2,t)|? the right-hand side of the above equation is just
the sinwt Fourier component of the polarization (ez(t)). Thus, the slope of the
quasienergy with respect to the driving field £ is equal to the component of the
first-harmonic response which is in phase with the driving field.

Applying perturbation theory to the eigenvectors un,(z,1),

((mul6 H (2, ) unv))

Enp — emp

Umpu(2, 1),

5'u,.,,(z,t) = Z

muftny

or

i zsinwi
QUnv _ Z {{umul Iu""))um“(z, £).
aE
mu#ny
These equations define the evolution of the system in the adiabatic limit, as the

Env — Emp

ramping speed of the electric field E goes to zero. They are perfectly well-behaved
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for any finite-state system, but for an infinite-state system the sums may diverge,

corresponding to an absence of the adiabatic limit.
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Appendix B

The Kohn-Sham
Self-Consistent Scheme

The Kohn-Sham self-consistent scheme [29] for finding the ground state properties
of an interacting system of electrons is of central interest in our work. It reduces
the problem of finding the solution of the full many-body Schrédinger equation to
that of solving one nonlinear single-particle Schrédinger equation. It was shown
by Hohenberg and Kohn [27] that the ground state energy a system of interacting

electrons, in a static potential V ('), can be written as
!
E=Tin)+ [ @rV(e)a(r) + 3" [ & [aon D 4 g o)

where n(7) is the ground state density, and T'[n] and E,.[n] are functionals of
the density. The first term on the right-hand side, T'[n], is by definition the kinetic
energy of a system of non-interacting electron with density n(+). The next two terms
are obviously due to the static potential V(7), and the classical electrostatic energy
of the electronic density. The last term, E..[n], is by definition everything else,
and is called the ezchange-correlation energy. This term incorporates all quantum
correlations which are neglected in the classical electrostatic energy.

The name “exchange-correlation” is an unfortunate choice of words. Indeed,
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everything E..[n] accounts for is a form of electron correlation, including the “ex-
change” part, which comes from the fact that the electrons are Fermions, and there-
fore the total many-body wavefunction must be antisymmetric with respect to ex-
change of any two electrons. This exchange piece, E;[n], may be calculated exactly

(see, for example, Ashcroft and Mermin [3]) and is

> = —) -
Eg[n] = —%e2/d3rfd3r' "I(T”:‘)nl(r ,r),

-7

where n,(7, ') is the single-particle density matrix,

N

n (7 7) = Y &(F)E (),

j=1

the ;s are the single-electron wavefunctions, and N is the number of electrons.
The field of study known as Density Functional Theory is primarily devoted
to finding expressions for E;c[n]. A common approximation is the Local Density
Approximation (LDA) which assumes that the electronic density is slowly varying
so that we may write
Epcfn] = f B (7 Yexe (n(7)),

where €;c(n) is the exchange-correlation energy per electron in a uniform electron
gas with density m, and for which there are several approximations available [19)].
From this it follows [29, 19] that one may solve for the ground state density via
a set of effective single-particle wavefunction &,(), which are the solutions of the
nonlinear Schrédinger equation

2
- ;‘—mvz + V(7)) + vo(F) + vzc(r‘)] €n(T) = Enln(T).

Here, v,(7) is simply the electrostatic potential

v,(7) = e/dar'—n(—ﬂ

-
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and v,(7) is defined as

R d(nez
'v:l:c("') = '_(Ec—)s

and

N
n(7) =3 [én(F)’.

i=1
(In a quantum well, this last sum becomes a sum over subbands, with each summand
weighted by the fractional occupation of the subbands.)

The local density approximation, which we use, is valid in both the slowly varying
density and high density regimes. In the first case, one may show that the LDA
Ez[n] is the first term in a gradient expansion for the full exchange-correlation
energy, so that when the density is slowly varying, and therefore the gradients
relatively small, the higher order terms may be neglected. In the second case, the
exchange-correlation energy becomes much smaller than the kinetic energy, so that
corrections to the LDA become negligible.

The self-consistent equations above have been used with great success in finding
the static properties of systems such as atoms, molecules, and quantum wells. If the
system is time-dependent, Gross and Kohn [24] have employed a generalization of
density functional theory [34] to show that that derive a time-dependent exchange-
correlation term, valid in the linear response regime. Their results show that in
either the high density, or low frequency regimes, the static exchange-correlation
term does not fair to badly. In quantum wells, neither of these conditions are
met. We therefore expect the Gross-Kohn generalization to be of use in modeling
driven quantum wells, but as of yet their exchange-correlation term has not been

incorporated our studies.
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Appendix C

Details of the Two-Level
Calculations

For a two-subband system, solving (4.16) and (4.19) and plugging into (4.15) is
tedious but straightforward, and gives
)2(2) = geaNs X

223211 (Gfowds — 2wl + widdy) — w1 (2w + 4w?) + ¥ (wiy — w?)]
(@3 - (2w)?) (@}, — w?)? '

The factors 4 and 4’ are defined as

2Ng [4re? 1
=== (51110 — So010) — (X1110 — Xo010)
Wio i K ]
and
ONg [4ne? T
7' = 225 | == (81011 — S1000) — (X1011 — X1000) | -
(1] | K ]

However, much simplification is still possible as we have identities amongst the
integrals S;jknm which can be proven with integration by parts, and are generally
useful so we give more here than are needed for this calculation:

Sjknm — Snmjk =0 if j # k and n # m,

Skknm — Snmkk = Znm if n #m, (C1)

Skk11 — S11kk = 211 — Zkk-
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From these identities it is easy to see that ¥ = </, and one arrives at (assuming our

coordinate system is such that zgp = 0),

2 z11(wiy — w?) + [211(enn — Bu) — 2107)(wdo + wz)
(5% — (20))(&2, — )? (62)

We may simplify (C.2) by noting that

an —pfn = (1|f|0),

and
= (1{f11) - (0| |0},
where the brackets denote the usual Hilbert space inner product, and

Bug.

S )_st[ e [ a7 el + 6edtele) s |

K

Since f(z) commutes with 2, then (1|f2|0) = (1|z2f|0). Completeness of the two-

subband system then gives
(L1£11)(1]210) + (1| £|0){0] 210} = (1|2|1){1]|£|0) + (1]210)(0] f|0},

or z1p7 = z11(@11 — P11), cancelling out the bracketed term in (C.2) to give (4.20).



Appendix D

The Density Matrix Equations
of Motion

The equation of motion for the density matrix of a time-dependent system

% = —i[Ho + V(2),p(t)]

(where Hy is time-independent, and we have set i = 1) take on a rather nice form
in the basis of eigenstates of Hp. This is because, for any diagonal matrix D, and

an arbitrary matrix 4,
[DsA]nm = Z(anAkm - Ankam) = (Drm - Dmm)Anm-
k
In the basis of energy eigenstates £,(z), [Hojnn = Fn, and we have

[Ho, p(t)lnm = WrmPnm(t)

where wym = E; — Em. One is then left with evaluating [V(t), p(t)]nm. In general,
this requires carrying out the full matrix multiplications between V and p.
If we absorb all of the static potential in Hp, including the static self-consistent

potential of the undriven system, then

V(t) = e€zsinwt + 6v,(z,1) + §vzc(2, t).

113



114 APPENDIX D. THE DENSITY MATRIX EQUATIONS OF MOTION

Where the last two terms are the changes in the Coulomb and exchange-correlation
potentials due to the driving. Since the Coulomb potential (4.3) is a linear functional

of the density, then

2 o,z z
bvi(z,t) = —om€ [ a [ daen(a1)

K —oo —oo

2 z z
_ _47re Ng Z6ij(t)f dz:f dz"fj(z”)fk(z").
K T oo oo
Taking a matrix element gives
4me’N,
EVsnm = ———= 3 6pk;(t) Sumks, (D.1)
k3

by definition of (4.17). We will assume that when the system is undriven, the
equilibrium density matrix is time-independent (and therefore diagonal), which we
will label g, so that
6p(2) = p(2) - p. (D.2)
That there exists a time-dependent exchange-correlation potential vz.(2, ) which
allows us to calculate the time-evolution of the electron density self-consistently, is
a result of time-dependent density functional theory [24]. An approximation for
this term is vzc(2,t) = vzc[n(z,t); 2], that is, using the static exchange-correlation
potential, and merely plugging in the time-dependent density. This is valid in the
high density regime, and also when the drive frequency is very low (compared to
the effective Rydberg frequency in the material), for small drive amplitudes (linear

response). In this case, we may linearize the exchange-correlation potential, so that
v,
Svze(z,t) = 6—:61&(2,:‘.),
then a similar treatment to the Coulomb potential gives

6Vzeki = N5 6pki(t) Xnmksj)
kj
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by definition of (4.18). The range of validity of this treatment for high driving
amplitudes is certainly questionable. Of course, we may perform these calculations
in an arbitrary basis, and include the full many-body potentials explicitly. Then,
one might expect the static exchange-correlation potential to be valid for any drive
strength, as long as the density is high or the drive frequency is low (as are the
frequencies of the dominant harmonics in the electron polarization!) This has not
been proven rigorously, however.

In order to keep our computations simple, and be valid for all driving fields, we
remain in the basis of self-consistent eigenstates and drop the exchange-correlation

potential. The equations of motion for the density matrix elements become
Prm = —iWnmpPam ~ IV (1), Plam, (D.3)
where
Vam(t) = €€z sinwt + §v, am(2, t). (D.4)
D.1 The Two-Subband System

If we approximate our system with only two subbands, the equations of motion

become very simple. Defining A = pgo — p11, equation D.3 gives

A —i([V(), ploo — [V(2), p)11) s

~iwi0p10 — [V (2), pl10. (D.5)

P10
Since po1 = plo, and Vig(t) = Voi(t), carrying out the commutators gives

(V(£), ploo — [V(£),pl11 = 4iVio(t)Impso,

[V(£)pho = (Vra(t) = Voo(t)) P10 + Vio(2)A. (D.6)
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This may be simplified when we notice that V(z,¢) commutes with z, so that

(1|Vz|0) = (1]|2V'|0). Completeness of the two-subband system then gives
(LVI1)(1{V]0} + (1{V]0)(0|V]0) = (1]2I1){1|£|0) + {1]|2|0}{0}f]0),

or V11(t) — Voo(t) = (Vio(t), where we have defined ¢ = (217 — z00)/210. With this,
(D.5) and (D.6) become

A = 4Vie(t)Impyo,

pro = —i(wio + (Vao(t))p10 — tVio(t)A.
The matrix element Vjo(t) is (using equations D.4, D.1, and D.2),

Vio(t) = e€zgsinwt

+ 4re’Ng

[(P10(t) + po1(t)) S1010 + (Poo(t) — Poo) S1000 + (P11(E) — P11) S1011] -
Now, using Trp = 1, defining A = oo — p11, and using the fact that
S1011 — S1000 = (S1010,

(see appendix C) we have

2
Vm(t) = efznpsinwt + dre’Ns S1o10 [(pm(t) + pm(t)) - %C(A - A)]

X
= efzsinwt + aynwyg [Repm - %C(A - A)] .

On the last line above, ey is the depolarization-shift integral (4.22).



Appendix E
Stability of the TPKS Method

‘We may determine stability of the procedure outlined in chapter 7 in the linear
(small driving amplitude) regime by using the specific time-dependent solution as
the known fixed-point of the iteration, and iterating a “nearby” interaction po-
tential which differs slightly from the solution. In the linear driving regime, the
time-dependent solution may be found self-consistently by solving a linear set of
equations [1). We may then find the Floquet states associated with the nearby
potential by perturbation theory, and generate an updated interaction potential
from the perturbed Floquet states. Our criterion for stability is that the updated

potential is nearer to the true solution than the initial potential,

E.1 Extended Hilbert Space Formalism

We will take advantage of the eztended Hilbert space [35] formulation of Floquet
theory, in which time is an additional dimension, with periodic boundary conditions
in that dimension. If ¢n(t) is a normalized Floquet state solution of Schrédinger’s
equation (setting h = 1)

.O¢n
i = H(ten(t)
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where H(t + T) = H(t), then we may decompose p,(¢) in a countably infinite

number of ways indexed by the “photon number” v:
Pa(t) = e tuy, (8)

where Un,(t + T) = un,(t). The index v says which Brillouin zone the Floquet
state lives in, and consequently adds an integer number of photon energies to the

quasienergy, £n, = VW + Eng, Wwhere w = 27/T. If we define an Eztended Hilbert

space Hamiltonian

H=H-ig,

then the functions u,, and the quasienergies €, are solutions of the eigenvalue
equation

Hitny = Enpiing.
The advantage of this formalism is that all of the standard tools of time-independent

quantum mechanics, in particular perturbation theory, carry directly over into the

extended Hilbert space as long as one uses the inner product

1 T
(Flo) = | de(fla),

where the single brackets denote the standard inner product in the original Hilbert
space, and f and g must be periodic functions in time with period T'. The functions

Uy, are orthonormal with respect to the double-bracket inner product,

{(vn|Umu)) = bnmbup-
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E.2 Representing The Fixed Point

Let us assume we know the solution to the time-dependent Schrédinger equation

(3.1). Writing this in the extended Hilbert space formalism,

ﬁﬁﬂv =

where
H=H-i,
and
H= —li + vo(z) + eEz(e""‘" + e'm) + 9(z,1t).
2 022 ’

(Note we have altered notation somewhat from that of equation (3.1), and have set
the effective mass u to unity.) Here, the bars indicate that the solution (both poten-
tial and wave functions) are self-consistent, that is the fixed point of the iteration.
If we assume that only the state corresponding to the ground subband is initially
filled in the undriven system, and that the drive is turned on adiabatically, then this
translates in the Floquet picture to only one Floquet subband occupied, which we
label g. Each other subband also turns into a corresponding Floquet subband, and
for small drive amplitudes we know their solutions from time-dependent perturba-
tion theory [1]. In terms of the undriven self-consistent stationary states (which we

take to be real), H(€=9¢, = E,£., the Floquet states are

Wnm +w

@ (z t) _ e-s‘E..t l:f (z) _ZV ¢ (z) ( et 4 etwt )] (E 1)
n b - n - mnsm wnm —w .

where wpym = E, — E,,. The matrix elements V,,,, are found by solving the linear

set of equations

4me? w
an = egzrnn - ZNSZ ( SmnkO + ankO) VkD 2 - 2)
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where Spnk; and Xyupnk; are defined by (4.17) and (4.18), and zmn = (€m]z|€n) is the

dipole matrix element. From (E.1) we may read off the functions and quasienergies:

Ty = et fn(z)—zvmem(z)( ™ )]

e
Wpm — W Why + W

and

ey = Vw + B,

We may obtain the density from any ground state representative g, , and for this

discussion we choose the v = 0 representative:

A(z,t) = Ns|tgo(z,t)]%.

E.3 Linear Stability Analysis

Now we start with an interaction potential v(z,t) which departs from the true

solution by a small amount,
v(z,t) = O(z,t) + dv(z,1)
where §v(z,t+ T) = fv(z,t). Then
H = H + bv(z,t),

and we may apply perturbation theory in a time-independent form to find the

quasienergies and Floquet states associated with H:
Eny = Eny + ((Tiny|6V]Tns)) + O(607)

and
= T+ Y V) 552y

mugny Env — Empu
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The electronic density is then
n(z,t) = Nglugo(z,t)|* = a(z,t) + 6n(z,1), (E.2)

where

bn(z,t) = 2NsRe | Y e n(2)¢o(2) ((fmel_e"j“’f5vlfo)) + O(6v?) + O((e€z)?).
mpF£00 o Emp

Breaking év into Fourier modes,
dv(z,1) = Z 6u(z, p)e e,
n

and defining §vmn(pt) = (€m|6v(z, 1)|€n), we arrive at

1

i(z,8) = ~Ns 35 fm()o(2) (% Fumoli) + €™ Sumo(~p)) o — .

mp£00

(In the above equation, we have used the fact that §v(z,t) is real, so that §v*(z, u) =

év(z,—u).) Updating our interaction potential using (4.5) and the density (E.2)

gives
v'(z,t) = 5(z,t) + 6v'(2,1)
where
! _ _47re2 fz Ile " " 0vgc
§v'(z,t) = rall dz . dz"én(2",t) + Bn(z)an(z’t)' (E.3)
We may Fourier transform (E.3) and take a matrix element, to get
Wmo 4me?
6”::1(77) = —-2Ng ; 61),,,0(17)‘”'2"0 _”"(nw)z ( P Snimoe + X,dmo) . (E4)

This is a linear mapping, mode by mode, from one interaction potential to the next.
We may relate the map (E.4) to the depolarization-shifted absorption frequen-
cies, which may be found by defining [1]

4re?
Qnm _ﬂnm = —2Ns ( P

Snomo + Xn.OmO) (wnowmo)'"l/z,
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and
Anm = 3’;061"71. + wn()(anm - ﬂnm)wmo-

Then, the depolarization-shifted resonance frequencies are the square roots of the
eigenvalues of the matrix [Apm).

If we define the vector @ with components a, = wlézﬁvno(n), then (E.4) becomes
(for 1 =0)

-
a = Mad,

where M is the matrix with elements
wfznoanm — Anm
Who — (Tw)?

Thus, the iterative procedure is stable if and only if the spectrum of M lies inside

Mpm =

the unit circle, since the [ # 0 components of §up,i(7) are linear combinations of the
components of @, from equation (E.4).

We may gain further insight into the stability criterion with the near-resonance
approximation, which is valid when nw ~ wyg for some state n and Fourier mode
7. This is in fact where instability is very much a problem, as can be seen by the
definition of the matrix M. In this approximation, Ap, = &2,, the square of the
depolarization-shifted absorption frequency, and all other elements of A are zero.

This gives us the mapping

w?, - &?
§vpo(n) = mﬁvm(ﬂ)-
n

This map is stable if and only if
[(nw)? — wiol > |25 — wiol-

That is, the map is stable if and only if there is no harmonic of w which lies in a

frequency range which is quadratically centered about the bare absorption frequency
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wpo (where the map is most unstable), and which extends up to the depolarization-

shifted absorption frequency @ng.
Therefore in the near-resonance approximation, the unstable manifold for each

Fourier mode, if it exists, is one-dimensional.
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Appendix F

The Method of “Backtracking”

When solving for a the self-consistent wavefunctions and potential iteratively, one
wishes to find a fixed point of the jterative process; this is the self-consistent solution.
If we consider the discretized potential to be a finite-dimensional vector &, and the

self-consistent iteration to be a2 mapping M from one potential to another,

—

a'.n-i-l = M(aﬂ))

then our desired solution is a fixed point of M. In some cases, as we have seen, this
fixed point is not stable. However, as we have shown in the previous appendix, in
many cases the unstable manifold (which we will label W,, from now on) is very low,
and often dim W, = 1. It would be a pity if one unstable direction prevented us
from finding the fixed point, when all of the other directions are stable. Fortunately,
it is rather simple to stablize the iteration process in this case, if one is near enough
to the fixed point to begin with.

Let us assume we are near the fixed point, @*. We know that the map M

becomes linear near a fixed point,

M(@) = @ + M(@- &) (F.1)
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Consider a sequence of vectors, obtained from a repeated application of M:
a = M(&‘o), d; = M(&a), ... ete.

One expects each iterate @, to be exponentially closer to the unstable manifold than
the previous iterate, and soon each subsequent vector will be “running away” along
the unstable manifold. This behavior clearly reveals not only the direction but also
the distance to the fixed point. In fact, if dim W,, = 1, then only two applications of
M to an initial vector @p will give enough information to estimate where the fixed
point @* lies. Then we may reset our vector to the estimate of the fixed point. If
we are successful, we will be even closer to the fixed point, so that two iterates later
our estimation process will be even more accurate. Thus, the mapping augmented
with backtracking is effectively a new map, with a stable fixed point at &*., We will

now derive the algorithm, for the cases dim W, = 1 and 2.

F.1 dimW,=1

Let us assume we are near the fixed point @*, so that equation F.1 holds, and work
in a coérdinate system such that one codrdinate is in the direction of W, and all
other codrdinates are perpendicular to W,. (Since our mapping is now linear, W,
is a straight line.) This is depicted in figure F.1.

Since we become closer to Wy, on each iteration, a good estimate for the direction
of W, is merely @ ~ @;. Our task then becomes estimating the distance in this
direction from @* to a known vector, say @;. Defining

-
61 = o —601

-

and 6, = &, —d,
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Figure F.1: The iterates resulting from the repeated mapping by M, dim W, = 1,
near the fixed point @*. The stable manifold W,, which are all codrdinates perpen-

dicular to W,,, are rolled into the vertical axis.

and making the approximation that d; and &, both in fact lie on W,, then the

projections of the vectors @,, labeled u,, have the following relations:

w-w = |&,

R (F.2)
and Uy ~ Uy = 6162/]52|

The linear mapping M gives the following relations involving the position of the

fixed point on Wy, labeled u*:

Uz — U g(ul - u")a

and u; —u* = g(up— u*),

where the constant factor g is the eigenvalue of M corresponding to the unstable
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direction, so that |g| > 1. Since

(9 — 1)(w = w*),
(g - 1)("’0 - u.)1

up—uy = (ug—u*)—(u; —u*)

and u; —up = (23 —u*)—(uo—u*)
we may divide these two equations to get

U — Ug ‘ul—u'
up —up Up — u*’

(F.3)

Substituting up — u* by % — u* — (u; — uo) in equation F.3, and solving for u; — u*

gives

-1

U — Uy

ul—'u,"'= (————1) (11.2—7.41),
Uy — Up

or, using equations F.2,

= -1
u‘——'u1= l—ﬁ:— Igzl
b1 - 62/6

This is the relative position of @ compared with &, in the direction of 5. Multi-

plying this by the unit vector &5/|82| gives their vector difference, so

— - -1
g = + (1 _b {2) 8. (F.4)
1°42

Equation F.4 estimates the position of @*, which may be substituted for the
current iterate, if the iterates are diverging (|62| > |8;]). If the map still fails to
converge, then it is possible that: (i) the initial vector @ was too far from the fixed
point, (ii) the growth factor g was too close to unit magnitude, or (iii) dim W, > 1.
In the first case, the only thing that can help is to choose a better initial vector.
If one is ramping a parameter, say turning up the driving amplitude slowly in
the Time-Periodic Kohn-Sham algorithm, then this corresponds to ramping more
slowly. In the second case, it may help to iterate the map a few more times before

backtracking, so that the iterates are closer to being along W,. Strong divergence
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vy —— 4,

Wv)”

!

Figure F.2: The iterates resulting from the repeated mapping by M, dim W,, = 2,
near the fixed point @*. As in figure F.2, the all coordinates in the stable manifold

W, are depicted here as a single dimension.

actually helps in backtracking! In the third case, one must try a higher-dimensional

algorithm. The case of dim W,, = 2 is treated next.

F.2 dimW, =2

If one wishes to backtrack to a fixed point with a two-dimensional unstable manifold,
more information is needed. In particular, three iterates of M and an initial vector
dp is needed, in order to approximate the plane W, near the fixed point. Figure F.2

shows the cobrdinate labeling in this case.
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We have labeled the third iterate d3, and defined
b3 = @ — d.

Our approximation is now that b"‘l, 6-"3, and 83 all lie in the plane W,,. We will set up

an orthogonal codrdinate system in the plane, (u,v), with i lying along ba:

@ = b/|6,
s = 7/,
where
17:53_(22*_{3) 3
63 - 63

The codrdinates in the W, plane of our iterates (as shown in figure F.2) become

(w1 — uo,v1 — %) = (b1 4,6 -9),
(ua — w2 —m) = (|5),0),
(us—uz,v3—v2) = (d3-4,]7]).

And the linear mappings

(w1 — 2* v —v*) = G(uo— u*,v —v*)
(ug — ", 12— 2*) = G(wg —v*, v —v*)
(us —u*,v3—v*) = G(ug—u*,v3 —v*),

where G is a 2 x 2 projection of M onto W,,, in the (u,v) codrdinate system, so that
|det G| > 1.

The algebra is lengthy, but in the erd we may eliminate the matrix G and arrive
at a formula for the position of the fixed point d* in terms of the differences b, and

the iterate &s:

(F.5)
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where
(61 . 63)(62 . 62 - 63 . 62) + (61 . 52)(63 . 63 - 63 . 52)
(62 - 62)(63 - 63) — (62 - 63)?

Cy =

and

I AT A A1)
(63 - 62)(61 - 62) — (62 - 62)(61 - 63)

Equation F.5 is our estimate for the position of @*. If backtracking with this
estimate for our current iterate still fails to converge to the fixed point, then again
it is possible that: (i) the initial vector @, was too far from the fixed point, (ii)
the determinant det G was too close to unit magnitude, or (iii) dim W, > 2. The
remedies for each of these cases is the same as for the corresponding cases described
at the end of the last section. However, it is questionable whether or not it is useful
to employ an algorithm for dim W,, > 2. As we continue to iterate M, the resultant
vectors will eventually be so far away from &@* that equation F.1 is no longer valid.
This means we may have to start impractically close to @* to begin backtracking.
For the two-dimensional case where we need three iterates, this could already be a

problem. For a higher dimensional W,,, even more iterates would be needed.
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Appendix G

The Rotating Wave
Approximation

The Rotating Wave Approximation (RWA) is an integrable approximation to the
sinusoidally-driven two state system described by the Hamiltonian (3.9), with ¢ = 0.
Splitting the the driving term in this Hamiltonian, as is done in equation 8.11, and
dropping the second term in the curly brackets in that equation, one obtains the
Schrédinger equation
-1 0 0 —iewt
ih‘z—‘:’ = | Lo + Jhwp ' »(t). (G.1)
0 1 ie—wt 0
The trick is to find a unitary transformation that turns the Hamiltonian for the

system time-independent!. The transformation here is simply

1By Floquet’s theorem, for a periodically driven system, there always exists such a transforma-
tion, however, only in the exactly integrable systems can such a transformation be written down in

closed form.
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Plugging this transformation into the above Schrédinger equation, one obtains

.0
ihr = Gx(t),
where
! -1 0 X 0 1 s
G = -z-h,(wm - UJ) + EMD - 5hw
0 1 - 0

is the Hamiltonian equation for a time-independent system, and whose stationary
states and energy eigenvalues are the Floquet states and quasienergies of (G.1).
Diagonalizing G,

det(G—€)=0,

yields two quasienergies

€4 = —%hw + -:;h\/(wm - w)3 +w12)

Of course, there are an infinite number of representatives for each quasienergy,
indexed by an integer m, obtained by adding an integer multiple of photon energies
mhw. The RWA quasienergies (over two kw-zones) are plotted in figure G.1, for
w/wio = 0.33. Notice there are no avoided crossings in this figure, since the RWA
Hamiltonian is integrable. Therefore, the Rotating Wave Approximation is a fine
approximation for a mildly driven system, that is, with driving field strengths below
those in which one expects the strong field avoided crossings to play an important

role.
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e/hw

0.0 0.5 1.0 1.5 2.0
wp/ @0

Figure G.1: The quasi-energy plot of the two-state system in the Rotating Wave
Approximation, described by the Hamiltonian (G.1), with w/w;o = 0.33.
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Appendix H

The Zero-Temperature Phonon
Bath

We wish to derive a zero-temperature formula for the time evolution of the reduced
density matrix of an arbitrary system coupled with a bath of harmonic oscilla-
tors. We will extend the result of Caldeira and Leggett [14]) who derived a high-
temperature formula of this sort. Although Dekker [17] has derived a formula valid
for zero temperatures, his derivation is only for a damped harmonic oscillator, and
uses “quantal noise” to bring about the damping. However, our result will look
formally similar to Dekker’s.
We begin with system coupled linearly to a bath of harmonic oscillators:

2 2
H=HA+HI+HB=L+'U(::)+3:E CkRk+§ -Pi—i-%i mwiRi.
2M k k 2m .

The system codrdinate is z, and the codérdinate of the k** harmonic oscillator is Rg.
This can be solved exactly [21, 22], and the reduced density operator for the system

(tracing over bath variables) (z,y,t) evolves by

plz,y,t)= / de'dy'J(z,y,t; 2,9, 0)5(=, ¥, 0),
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where
J(z,v,t;2',9,0) = //Da:‘Dyexp %{SA[:::] — Salyl - /ot ./O‘T[z(-r) —y(7)]
xay(1 — 8)[=(s) + y(s)}drds}

X exp ——;; /: for[m(r) — y(7)]ar(T — s)[z(s) — y(s)]drds.

This contains the action of the system,

S4= /t (-;-M:nz - v(m)) )
0
and the influence functionals
3 &

Ci Fuw,
agr(T —8) = ; T coth ST °° wi(T — 8)

and
2

C
ar(r —s) = —Z 2m;k sin wg (7 — 8).
k

Up until now, everything has been exact. The only temperature dependence is

in ag, which becomes in the limit as T — 0,

C?
oap(r —38) = z 2"):”‘ cos wi (T — 8).
k

In order to make progress, we approximate the sums over the reservoir as integrals.
Doing so,
C?(w)

w

ar(r — s) ~ ﬁ ./:o po(w) cosw(rT — 8)dw,

and we must decide on the oscillator density pp(w) and the coupling strengths
C(w). This is already done in Caldeira and Leggett, obtained from taking the
high-temperature case and matching the result with the known classical theory of
Brownian motion. They also introduce a frequency cutoff 2, so that

Imn? -, <,

pp(w)C*(w) = "
0 w>Q,
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where n is the viscous damping constant for the classically damped case, obtained

in the high-T limit. This gives us
n n
ap(r —s) = ;/ w cosw(T — s)dw,
0

and

7 (@ n_d [®
a;('r—.s)z--"—r/0 wsinw(-r—s)dw:ﬂ'r_s./ncosw('r—s)dw.

This term becomes the derivative of a §-function in the limit of high Q. This is a
tricky point. We will not assume that 2 actually is taken to infinity, but we will
assume that it is larger than any other frequency in the problem. Thus, we will
sometimes send §} — o0, but only as a mathematically convenient approximation.
Other times, it will be kept finite, as is necessary. For instance, taking the limit

7 — 00 gives

ar(t — s) - n— 36(T - 3).
Substituting this in the propagator integral and integrating that term by parts gives
an 7§(0) coefficient. Looking at the origin of the §-function more carefully, we see

that this coefficient is actually

This will be taken to be a finite constant, so that it would appear that we are taking
1 — 0. Since % is our damping constant, this is clearly not the case. We are merely
saying that n is very much less than any other frequency in the problem.

The net result of the 76(0) term is to add a small harmonic term to the potential
energy terms in S4, which we will take to be the effective, or renormalized system

Sgr. Thus the propagator reads

J(z,9,42,9,0) = f f DzDyexp %{Snlxl-sﬂlyl
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-1 [[(st - vi+ 29 - yi)ar)
X exp _%g jon /: /of[z(r) — y(7)]w cosw(r — s)[z(s) — y(s)]drdsdw.

We are left with the task of evaluating the last integral.

Evaluating the w-ingtegal before taking  — oo,

sin (7 — s)
T—8

/Onwcosw(-r—s)dw=ﬂ{ +ﬂ(‘r%—s)2 [cosQ(‘r—s)—l]}.

Taking the limit as ¢ — oo gives §-functions,

lim 50 QT — s)

1—o0 T—38 = W6(T - 8)’

and

Jim_ Q—(FI—T)Z [cos (T — 5) — 1] = —1x6(r — s).

This gives us the final expression for the propagator,
)
J(z,y,t;2',9,0) = /szDy exp E{Sg[m] ~ Srly]

¢
—g/; (2 —yy+2zy— yz‘)dr}

X exp ——%? -/:[z(‘r) — y()]%dr.

This propagator is of the same form as that derived by Caldeira and Leggett,
with the substitution
kgT
nhz - -;-nﬂ.

In fact, this is what Dekker derived for the damped harmonic oscillator at T = 0.

We have derived this for a general damped system, at 7' = 0. Making the above

substitution in the reduced density matrix equation of motion, we have

X 1 - i - - ~ 78} "
p = ZHR,P| + 7 (2pd — Ppe + opp — ppz) - orla, [z, 7).
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Here, we have used the equation found in Caldeira and Leggett, noting that v = 3}z,

and using the relation [z, p] = 4.

H.1 The Two-State System

Well-known damping results are available for the two-state system, and we would
like to compare the calculations shown here with them. To this end, let us work in

the two-state system,

Poo  Por

-1
I\

P10 P11

Let us assume that the z and p operators can be written as

T =Ti0 y P=DPio

Then the equation of motion becomes

.1 o 2yz 10 Oz, A -—2ig
5= E[Hn,p]-i- Y ’lioplo + n hm ,
0 -1 2ig -A

Where A = pgo — p11, and p1g = p + iq. These last two terms are damping terms,

and may be cast in the form

O -
o — —1’
_T P00 — Poo q ,

ig P11 — Py
(where pd, and p?; are the undriven equilibrium values of the pgo and p11,) with the

substitutions
2yz10p10 _ Nz,
h TR

L,

B

and taking advantage of the fact that pgg + p11 = 1.
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This should be compared with the relaxation operator used in this work (5.2)

for the two-state system,

T1(poo — PJo) T2p01
T2p10 I1(p11 — £%;)
We see two differences between the phonon bath model and the above relaxation
matrix. First, there is only one characteristic damping rate, I, instead of two. The
second is that the phonon model only damps the imeginary part of the off-diagonal
elements. Thus, it appears that the model proposed by Caldeira and Leggett, when
applied to the two-state system, captures the population relaxation mechanisms
quite well, but leaves something to be desired when modeling the correlation relax-

ation mechanisms.
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